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The paper aims to apply the complex-sedenions to explore the field equations of four
fundamental interactions, which are relevant to the classical mechanics and quantum
mechanics, in the curved spaces. J. C. Maxwell was the first to utilize the quater-
nions to describe the property of electromagnetic fields. Nowadays the scholars introduce
the complex-octonions to depict the electromagnetic and gravitational fields. And the
complex-sedenions can be applied to study the field equations of the four interactions
in the classical mechanics and quantum mechanics. Further, it is able to extend the
field equations from the flat space into the curved space described with the complex-
sedenions, by means of the tangent-frames and tensors. The research states that a few
physical quantities will make a contribution to certain spatial parameters of the curved
spaces. These spatial parameters may exert an influence on some operators (such as,
divergence, gradient, and curl), impacting the field equations in the curved spaces, es-
pecially the field equations of the four quantum-fields in the quantum mechanics. Ap-
parently the paper and General Relativity both confirm and succeed to the Cartesian
academic thought of ‘the space is the extension of substance’.
Keywords: fundamental field; curved space; classical mechanics; quantum mechanics;
quaternion; octonion; sedenion.
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1. Introduction
How to describe the existing four fundamental interactions simultaneously is one
bewildering and intriguing puzzle. Since a long time, this puzzle and correlative
topics are attracting the attention of many scholars. Are there merely four sorts
of fundamental interactions? May we find one method to describe simultaneously
the physical properties of so-called four fundamental interactions? In the curved
space, how do we write out the field equations of four fundamental interactions?
Until recently, the appearance of four fundamental interactions, in the curved space
described with the complex-sedenions (in Section 2), replies to some of these puzzles.
According to this field theory, it is capable of deducing not only the field equations
of the classical mechanics on the macroscopic scale, but also the field equations of
the quantum mechanics on the microscopic scale, in the complex-sedenion curved
1
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space.
A. Einstein was the first to propose the unified field theory, attempting to unify
the gravitational field and electromagnetic field. As a further complication, two
new sorts of fields, weak-nuclear field and strong-nuclear field, emerged suddenly
from the experiments, although the unified field theory has not been achieved yet.
By the twentieth century, the scholars had found four sorts of fields, including
the gravitational field, electromagnetic field, weak-nuclear field, and strong-nuclear
field. Consequently, the unified field theory should be redeveloped and expanded.
Through protracted and unremitting efforts, the electromagnetic field and weak-
nuclear field were successfully unified into the electroweak field. The amazing
achievements acquired in the electroweak field theory inspirit some scholars to en-
deavor to propose the Quantum Chromodynamics. Subsequently a few scholars put
forward the Standard Model (SM for short) for the elementary particle [1,2,3], at-
tempting to unify the Quantum Chromodynamics and electroweak theory [4,5,6],
although this theoretical model excludes the gravitational field. For the purpose of
containing the gravitational field, certain scholars advanced several new theoreti-
cal assumptions [7,8,9], including the Grand Unified Theory [10,11], ‘Beyond the
SM’ [12,13], superstring theory [14,15], and ‘Beyond the General Relativity’ and so
forth [16,17]. Although it may be encountered a large number of difficulties, these
ambitious theoretical assumptions [18,19] do offer promising hope for the future to
unify the existing four fields. By means of these ambitious plans, scholars expect
the researches to be able to resolve some remaining problems [20,21] in the existing
field theories, especially the field equations of the four fields [22,23,24], which are
relevant to the classical mechanics and quantum mechanics, in the curved spaces.
Making an analysis and comparison of preceding studies, it is able to find several
primal problems associate with the four fields as follows:
1) Four fields. The existing physical theories are unable to describe simulta-
neously the four fields, especially the gravitational field. In the four fields, the
gravitational field was the first to be found in the history. However, a part of recent
unified field theories exclude the gravitational field, such as SM and so forth. It
reveals that some unified field theories may be seized of a few unacceptable defects
essentially. Moreover, these unified field theories should possess the predictive power
and expandability, predicting and accommodating new unknown fields, which may
emerge from the unification process of fields.
2) Curved space. In the General Relativity (GR for short), it is able to achieve
the inference of ‘the physical quantities dominate the spatial parameters’, according
to the Cartesian academic thought of ‘the space is the extension of substance’. This
viewpoint belongs to the groundbreaking insight, nevertheless the GR is unable to
express this extraordinary viewpoint adequately. As a result, the applicable scope
of GR is restricted severely, and the GR can merely explain a small quantity of
physical phenomena. In the classical mechanics, the universally applicable field
equations have not yet been derived from the curved spaces. It means that the
Cartesian academic thought has not yet been spread out extensively in the classical
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mechanics on the macroscopic scale.
3) Wave equation. In the recent physical theories, the unification of quantum
mechanics and GR is not successful adequately. It is assumed that this is because
both of two theories are not perfect enough. For instance, it is still able to establish
the field equations in the curved spaces, even though we take no account of the
inferences derived from the Eo¨tvo¨s experiment in the recent studies. And it is unable
to explain clearly the spin angular momentum [25]. Consequently, it is not yet able
to establish the applicable and effective wave equations in the curved spaces, for the
quantum mechanics on the microscopic scale. At present, we still have a long way to
attempt to spread out the Cartesian academic thought in the quantum mechanics.
In 1843, W. R. Hamilton invented the quaternions. Subsequently, others intro-
duced the octonions and sedenions. J. C. Maxwell was the first to apply the quater-
nions to explore the properties of electromagnetic fields. Presently, some scholars
utilize the quaternions [26,27], octonions [28,29,30], and sedenions [31,32,33] to re-
search the gravitational field equations [34,35], electromagnetic field equations [36],
Dirac wave equations, Yang-Mills equations, curved space [37], astrophysical jet,
and dark matter [38,39,40] and so forth.
In the complex-sedenion space, it is able to describe simultaneously the phys-
ical properties of four fundamental interactions. In terms of the four fundamental
interactions, the paper is capable of deducing not only the physical quantities and
field equations for the classical mechanics on the macroscopic scale, but also the
wavefunctions and field equations for the quantum mechanics on the microscopic
scale. Subsequently, these arguments and field equations, in the classical mechanics
and quantum mechanics, can be extended from the flat space into the curved space.
1) Sedenion space. As is well known, the complex-quaternion space can be uti-
lized to describe the electromagnetic field equations. By a logical extension of this
point, each of complex-quaternion spaces is able to study one field. As a result, the
complex-octonion space is capable of depicting simultaneously the electromagnetic
and gravitational fields. Further the complex-sedenion space can be applied to ex-
plore simultaneously the physical properties of four fundamental-fields and twelve
adjoint-fields.
2) Classical mechanics. In the curved fundamental-space (in Section 2) described
with the complex-sedenions, it is able to explore the field equations in the classical
mechanics, including the conventional electromagnetic field equations and gravi-
tational field equations and so forth. Further, in the curved composite-space (in
Section 6) described with the complex-sedenions, it is capable of concluding the in-
ference of ‘the physical quantities dominate the spatial parameters’. This inference
is concordant with that derived from the GR.
3) Quantum mechanics. In the curved quantum-space (in Section 5) described
with the complex-sedenions, it is capable of researching the wave functions and
wave equations in the quantum mechanics, including the conventional Dirac equa-
tion, Schrodinger equation, and Yang-Mills equation and so forth. Meanwhile, in
the curved product-space (in Section 7) described with the complex-sedenions, it
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is capable of achieving the deduction of ‘the physical quantities dominate the spa-
tial parameters’ also. This deduction inherits and extends the Cartesian academic
thought of ‘the space is the extension of substance’ apparently.
In the paper, by means of the composite vector [41] , it is able to achieve the
complex-sedenion composite-space from the complex-sedenion fundamental-space,
for the classical mechanics on the macroscopic scale. Making use of the auxiliary
quantity, it is capable of deducing the complex-sedenion quantum-space from the
complex-sedenion fundamental-space, in the quantum mechanics on the microscopic
scale. Subsequently, in virtue of the composite vector and auxiliary quantity, the
complex-sedenion product-space can be derived from the fundamental-space and/or
quantum-space. Meanwhile, one can infer some arguments and field equations in
these flat spaces. For these different flat spaces, a majority of arguments and field
equations in one flat space may be different from that of other flat spaces.
In the complex-sedenion curved space, it is able to extend these arguments
and field equations from the complex-sedenion flat space into the complex-sedenion
curved space, by means of the properties of tangent-frames and tensors. Further-
more, in the curved composite-space, some physical quantities dominate several
spatial parameters. The latter exerts an influence on the arguments and field equa-
tions relevant to four classical-fields (in Section 4), in the curved fundamental-space.
Next, in the curved product-space, some physical quantities will dominate several
spatial parameters also. The latter has an influence on the arguments and field
equations relevant to four fundamental quantum-fields (in Section 5), in the curved
quantum-space. In the curved composite-space or product-space, it is able to deduce
a few conclusions accordant with the GR, under some approximate circumstances
(in Section 8). In other words, the paper and GR both succeed to the Cartesian
academic thought of ‘the space is the extension of substance’.
It is worth noting that several physics quantities, in the gravitational and elec-
tromagnetic fields, may exert an influence on the spatial parameters of the complex-
octonion curved space, and then the complex-octonion curved space will impact on
the forces. These are the researches we have discussed in Refs. [25] and [41], they
are very noticeably different from the paper, especially the sorts of interactions and
the dimensions of space. In the paper, we place great emphasis on some physics
properties of four interactions in the complex-sedenion curved space, including
the contradistinctions between the complex-sedenions with complex-octonions, the
contributions of physics quantities regarding the four interactions on the complex-
sedenion curved space, and the influence of complex-sedenion curved space on the
forces.
2. Flat space
It is well known that two perpendicular quaternion spaces compose one octo-
nion space. And four quaternion spaces, which are perpendicular to each other,
will combine together to become one sedenion space. When a part of coordi-
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nate values are complex numbers, the quaternion, octonion, and sedenion are the
complex-quaternion, complex-octonion, and complex-sedenion respectively. Mean-
while, the standard (rather than split- and others) quaternion space, octonion space,
and sedenion space are called as the fundamental-spaces temporarily. From these
fundamental-spaces, it is able to evolve further some function spaces, including the
composite-space, quantum-space, and product-space. The complex-octonion space
can be utilized to research the physical property of electromagnetic and gravita-
tional fields, including their properties in the flat space and curved space. On the
basis of the studies relevant to the complex-octonion spaces, the complex-sedenion
spaces can be applied to explore several theories associated with the four funda-
mental interactions, including the flat space, curved space, classical mechanics on
the macroscopic scale, and quantum mechanics on the microscopic scale.
2.1. Four fields
According to the basic postulates (see Ref.[25]), one quaternion space is able to de-
scribe a type of field. As a result, two perpendicular complex-quaternion spaces (or
one complex-octonion space) can be utilized to express the physical properties of two
fields (such as, electromagnetic and gravitational fields). Four complex-quaternion
spaces, which are perpendicular to each other, can be combined together to become
one complex-sedenion space, exploring the physical properties of four fundamental
interactions.
It is noteworthy that the four fields, in the paper, comprise the gravitational
field, electromagnetic field, and strong-nuclear field, except for the weak-nuclear
field. In the existing electroweak theory, the weak-nuclear field and electromag-
netic field can be unified into the ‘electroweak field’. Each of weak-nuclear field and
electromagnetic field is merely a constituent of the electroweak field. In the quan-
tum mechanics (in Section 5) described with the complex-sedenions, the complex-
sedenion electromagnetic field is able to be degenerated into the existing electroweak
field, while the weak-nuclear field can be regarded as the adjoint-field of the elec-
tromagnetic field. Therefore, the weak-nuclear field is no longer considered as an
independent field. In other words, as one crucial constituent, the weak-nuclear field
is merged into the electromagnetic field described with the complex-sedenions.
Nevertheless, the multiplicative closure of sedenions affirms that there must be
four types of fields in the complex-sedenion space simultaneously. So there will
be a new species of unknown field. It is called as W-nuclear field temporarily,
marking with the initial of ‘weak’ traditionally. In the following context, the four
fields designate the gravitational field, electromagnetic field, W-nuclear field, and
strong-nuclear field.
2.2. Sedenion space
In the complex-quaternion spaceHg for the gravitational field, the coordinate values
are iRg0 and Rgq , the basis vector is I gj , and the complex-quaternion radius vector
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is, Rg = iI g0R
g0 + I gqR
gq . Similarly, in the complex 2-quaternion (short for the
second quaternion) space He for the electromagnetic field, the coordinate values
are iRe0 and Req , the basis vector is I ej , and the complex 2-quaternion radius
vector is, Re = iI e0R
e0 + I eqR
eq . In the complex 3-quaternion (short for the
third quaternion) space Hw for the W-nuclear field, the coordinate values are iR
w0
and Rwq , the basis vector is Iwj , and the complex 3-quaternion radius vector
is, Rw = iIw0R
w0 + IwqR
wq . In the complex 4-quaternion (short for the fourth
quaternion) space Hs for the strong-nuclear field, the coordinate values are iR
s0
and Rsq , the basis vector is I sj , and the complex 4-quaternion radius vector is,
Rs = iI s0R
s0 + I sqR
sq . Herein, the superscripts or subscripts, g, e, w, and s,
are applied to mark respectively the physical quantities in the gravitational field,
electromagnetic field, W-nuclear field, and strong-nuclear field. Rgj , Rej , Rwj, and
Rsj are all real. Rg0 = v0t. v0 is the speed of light, and t is the time. I g0 = 1.
(I g0)
2 = 1 . (I gq)
2 = −1. I ej = I gj ◦ I e0 . (I ej)
2 = −1 . Iwj = I gj ◦ Iw0.
(Iwj)
2 = −1 . I s0 = I g0◦I s0. I sq = −I gq◦I s0 . (I sj)
2 = −1 . The symbol ◦ denotes
the sedenion multiplication. i is the imaginary unit. j, k = 0, 1, 2, 3. q = 1, 2, 3.
In the above, four complex-quaternion spaces, Hg , He , Hw , and Hs , are
perpendicular to each other. They can be combined together to become one
complex-sedenion space, K . In the complex-sedenion space, K , the basis vec-
tors are, I gj , I ej , Iwj , and I sj . The complex-sedenion radius vector is,
R = Rg + kegRe + kwgRw + ksgRs. Herein, keg , kwg , and ksg are coefficients,
to meet the requirement of the dimensional homogeneity.
In the complex-quaternion space Hg for the gravitational field, the complex-
quaternion operator is, ♦g = iI g0∂g0 + I gq∂gq , and ∂gj = ∂/∂R
gj . In the
complex 2-quaternion space He for the electromagnetic field, the complex 2-
quaternion operator is, ♦e = iI e0∂e0 + I eq∂eq , and ∂ej = ∂/∂R
ej . In the com-
plex 3-quaternion space Hw for the W-nuclear field, the complex 3-quaternion
operator is, ♦w = iIw0∂w0 + Iwq∂wq, and ∂wj = ∂/∂R
wj . In the complex 4-
quaternion space Hs for the strong-nuclear field, the complex 4-quaternion operator
is, ♦s = iI s0∂s0 + I sq∂sq , and ∂sj = ∂/∂R
sj. Consequently, the complex-sedenion
operator is, ♦ = ♦g + k
−1
eg ♦e+ k
−1
wg ♦w+ k
−1
sg ♦s, in the complex-sedenion space,
K . Herein, ♦g = iI g0∂g0 + ∇g . ♦e = iI e0∂e0 + ∇e. ♦w = iIw0∂w0 + ∇w .
♦s = iI s0∂s0 +∇s. ∇g = I gq∂gq . ∇e = I eq∂eq . ∇w = Iwq∂wq . ∇s = I sq∂sq .
3. Curved space
For the sake of explaining some comparative complicated physical phenomena, it is
necessary to expand the field theory, associated with the four fundamental interac-
tions, from the flat space into the curved space. In virtue of the properties of tangent
space and tensor, it is capable of exploring the curved spaces described with the
quaternions, octonions, and sedenions respectively. In the complex-octonion space,
without the help of the equivalence principle relevant to the Eo¨tvo¨s experiment,
it is still able to introduce the curved spaces into the field theory, researching the
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physical properties of electromagnetic and gravitational fields. Similarly, in the
complex-sedenion space, we can introduce the curved spaces also, investigating the
physical properties of four fundamental interactions. And these theories are able to
deduce some conclusions, which are accordant with the GR, under the approximate
circumstances. In the complex-sedenion curved space, the paper is able to achieve
not only the arguments and field equations of the classical mechanics on the macro-
scopic scale, but also the arguments and field equations of the quantum mechanics
on the macroscopic scale.
In the complex-sedenion curved space, by means of the properties of manifold,
affine connection space, parallel translation, and metric space, it is able to deduce
some geometric parameters in the orthogonal and unequal-length tangent-frame,
including the metric coefficients, connection coefficients, covariant derivative, and
curvature tensor and so forth.
3.1. Metric space
The manifold is a type of indefinite geometric object. The coordinate systems are
allowed to establish in the manifold. The manifold possesses neither the metric
tensor nor the affine connection. Later, one can append properly a few geometric
properties in the manifolds. Even though there is no metric property in the manifold,
it is still able to define the connection among different tensors in contiguous points.
The manifold with the connection is the affine connection space, which is seized of
the connection coefficient and curvature tensor, and even the torsion tensor.
In some manifolds, when a tensor transfers from one point to another to meet the
need of parallel translation, it means that the differential of this tensor is equal to
zero. According to the definition of parallel translation, we can achieve the relations
between the tensor component and the connection coefficient. After defining the
affine connection among the tensors, it is able to append subsequently the metric
property to the affine connection space. The manifold, with the parallel translation
and metric property, is called as the metric space, including the Riemannian space
and pseudo-Riemannian space.
In the metric space, there are several interrelationships of the connection coeffi-
cient and metric coefficient. The connection coefficient can be derived from the met-
ric coefficient, enabling these two coefficients to be consistent with each other. Later
the curvature tensor is inferred from the connection coefficient. In the complex-
sedenion curved space, it is able to define the tangent-frame component, by means
of the partial derivative of complex-sedenion tensor with respect to the coordinate
value. According to the definition of sedenion norm, the metric coefficient can be
derived from the tangent-frame component, and it is sedenion-Hermitian.
3.2. Tangent space
In the curved space described with the complex-sedenions, not all tangent-frames
are suitable to be chosen as the curved coordinate systems, in terms of the four
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fundamental interactions. As a result, it is essential to demarcate and filter out the
appropriate tangent-frames further. When we study the physics quantities and rel-
evant properties in the complex-sedenion curved space, it is proper to stipulate to
choose the orthogonal and unequal-length tangent-frame (or the orthogonal curved
coordinate system), reducing the mathematical difficulty related with the nonasso-
ciativity of octonions and sedenions in the following context. Especially, it will be
beneficial to lower down the difficulty of mathematics encountered in the paper, as
the metric coefficient and connection coefficient both are scalars.
Apparently, the physical quantities of the four fundamental interactions, de-
scribed with the complex-sedenions, can be extended from the flat space into the
curved space. Firstly, convert the physical quantities of four fundamental interac-
tions in the flat space into that under the orthogonal and equal-length tangent-
frame of the tangent space in the curved space. Secondly, in terms of the tangent
space, convert the physical quantities of four fundamental interactions in the or-
thogonal and equal-length tangent-frame into that in the orthogonal and unequal-
length tangent-frame. Thirdly, convert the physical quantities of four fundamental
interactions in the orthogonal and unequal-length tangent-frame into that in the
unorthogonal and unequal-length tangent-frame, and even others.
In the complex-sedenion curved space, the covariant derivative of any argument
may comprise several parameters of the curved space, enabling a physical quantity
with the covariant derivative in the curved space to departure from that in the flat
space to a certain extent. Firstly, it is able to convert the physical quantities of four
fundamental interactions in the unorthogonal and unequal-length tangent-frame
into that in the orthogonal and unequal-length tangent-frame of the tangent space.
Secondly, the physical quantities of four fundamental interactions in the orthogonal
and unequal-length tangent-frame are converted into that in the orthogonal and
equal-length tangent-frame. Lastly, it is possible to distinguish the bending degrees
of a curved space, to contrast the physics quantities in the tangent space with that
in the flat space. That is, by means of contrasting the measurement result in the
tangent space with the theoretical prediction in the flat space, one can estimate the
bending degree of curved space.
3.3. Connection coefficient
In the complex-sedenion flat space, it is appropriate to choose an orthogonal and
equal-length tangent-frame as the coordinate system. In the coordinate system, the
complex-sedenion radius vector can be written as,
R(hα) = ih0i0 + h
qi q + ih
4i4 + h
4+qi4+q
+ ih8i8 + h
8+qi8+q + ih
12i12 + h
12+qi12+q , (1)
where hα is the coordinate value. hj = Rgj , hj+4 = kegR
ej , hj+8 = kwgR
wj, and
hj+12 = ksgR
sj . In the paper, (keg)
2 < 0 , furthermore it is supposed that, (kwg)
2 <
0, and (ksg)
2 < 0 . According to the dimensional homogeneity, hj is real, while hj+4 ,
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hj+8 , and hj+12 are the imaginary numbers. iα is the basis vector. i j = I gj . i j+4 =
I ej . i j+8 = Iwj . i
j+12 = I sj . ξ = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 . i0 = 1.
(i0)
2 = 1. (i ξ)
2 = −1 . α, β, γ, λ, ν = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 .
In the complex-sedenion curved space, a tangent space may be considered as
a locally flat space. As a result, the physical laws and research methods can be
extended from the complex-sedenion flat space into the tangent spaces. The physical
quantities and field equations in the rectangular coordinate system of the flat space
are converted into that in the orthogonal and equal-length tangent-frame of the
tangent space. Further they are converted into that in the orthogonal and unequal-
length tangent-frame, and even others.
In the tangent space of the complex-sedenion curved space, one orthogonal and
unequal-length tangent-frame is chosen as the coordinate system. In the coordinate
system, the complex-sedenion radius vector is expanded in terms of the tangent-
frame component eα ,
R(cα) = ic0e0 + c
qeq + ic
4e4 + c
4+qe4+q
+ ic8e8 + c
8+qe8+q + ic
12e12 + c
12+qe12+q , (2)
where cα is the coordinate value. According to the dimensional homogeneity, cj is
real, while cj+4 , cj+8 , and cj+12 are imaginary numbers. eα is unequal-length.
(e0)
2 > 0 , and (eξ)
2 < 0 . In the space Hg , choosing an appropriate coordinate
system to satisfy the conditions that, e0 is the scalar part (corresponding to i0), eq
is the component of vector part (corresponding to i q). Similarly, e4 , e8 , and e12
are the ‘scalar’ parts in the spaces, He , Hw , Hs , respectively, and correspond to
i4, i8 , and i12 respectively. Meanwhile e4+q , e8+q , and e12+q are the components
of ‘vector’ parts, and correspond to i4+q, i8+q , and i12+q .
In the orthogonal and unequal-length tangent-frame, making use of the tangent-
frame component and the norm of complex-sedenion radius vector, one can define
the metric of complex-sedenion curved space K as follows,
dS2 = gαβduαdu
β , (3)
where the metric coefficient, gαβ = e
∗
α ◦ eβ , is sedenion-Hermitian. eα is the
component of tangent-frame, with eα = ∂R/∂u
α . ∗ denotes the sedenion conjugate.
u0 = ic0 , uq = cq . u4 = ic4 , uq+4 = cq+4 . u8 = ic8 , uq+8 = cq+8. u12 = ic12,
uq+12 = cq+12. (uα)∗ = uα , and it indicates that the correlated tangent-frame
component, eα , is sedenion conjugate. u
α is a complex number. gαβ is one real
number and even complex number, due to the orthogonal tangent-frames.
3.4. Curvature tensor
In the complex-sedenion curved space, by means of the metric coefficient, it is able
to deduce the connection coefficient, covariant derivative, and curvature tensor.
From the metric coefficient, one can infer the connection coefficient (Appendix A)
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as follows,
Γλ,βγ = (1/2)(∂gγλ/∂u
β + ∂gλβ/∂u
γ − ∂gγβ/∂u
λ) , (4)
Γλ,βγ = (1/2)(∂gγλ/∂u
β + ∂gλβ/∂u
γ − ∂gγβ/∂uλ) , (5)
where Γλ,βγ and Γλ,βγ both are connection coefficients, and are all scalar. Γλ,βγ =
gλαΓ
α
βγ . Γ
α
βγ = g
αλΓλ,βγ . Γλ,βγ = gλαΓ
α
βγ
. Γα
βγ
= gαλΓλ,βγ . Γ
α
βγ = Γ
α
γβ . Γ
α
βγ
=
Γα
γβ
. gαλgλβ = δ
α
β . [(Γ
α
βγ
)∗]T = Γα
γβ
. The superscript T denotes the transpose of
matrix.
When a complex-sedenion quantity, Y = Y βeβ , is transferred from a point M1
to the next point M2 , to meet the requirement of parallel translation, it means
that the differential of quantity Y equals to zero. And the condition of parallel
translation, dY = 0 , will yield,
dY β = −ΓβαγY
αduγ , (6)
with
∂2R/∂uβ∂uγ = Γαβγeα . (7)
In the complex-sedenion curved space, for the first-rank contravariant tensor Y β
of a pointM2 , the component of covariant derivative with respect to the coordinate
uγ is written as,
∇γY
β = ∂(δβαY
α)/∂uγ + ΓβαγY
α , (8)
∇γY
β = ∂(δβαY
α)/∂uγ + ΓβαγY
α , (9)
where Y β and Γβαγ both are scalar.
Further, from the covariant derivative of tensor, it is able to infer the curvature
tensor, in the complex-sedenion curved space,
∇α(∇βY
γ)−∇β(∇αY
γ) = R γβαν Y
ν + T λβα(∇λY
γ) , (10)
with
R γβαν = ∂Γ
γ
νβ/∂u
α − ∂Γγνα/∂u
β + ΓγλαΓ
λ
νβ − Γ
γ
λβΓ
λ
να , (11)
where T λβα = Γ
λ
αβ − Γ
λ
βα . R
γ
βαν is the curvature tensor, while T
λ
βα is the torsion
tensor. R γβαν and T
λ
βα both are scalar. In the paper, we merely discuss the case,
T λβα = 0, that is, Γ
λ
αβ = Γ
λ
βα .
In the complex-octonion space, the physical quantities and field equations can
be extended from the flat space into the tangent space of the curved space, exploring
the influences of covariant derivative and curvature tensor on the physical quantities
and field equations of the gravitational and electromagnetic fields. Similarly, in the
complex-sedenion space, a part of physical quantities and field equations of the four
fundamental interactions can be extended from the flat space into the tangent space
of the curved space. And the covariant derivative and curvature tensor will make a
contribution to these physical quantities and field equations to a certain extent.
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Table 1. The physical quantities and definitions of the four classical-
fields, which are relevant to the classical mechanics on the macroscopic
scale, in the complex-sedenion curved space.
octonion physics quantity definition
integrating function X = Xg + kegXe + kwgXw + ksgXs
field potential A = i♦⋆ ◦ X
field strength F = ♦ ◦ A
field source µS = −(iF/v0 + ♦)∗ ◦ F
linear momentum P = µS/µgg
angular momentum L = (R + krxX)⋆ ◦ P
octonion torque W = −v0(iF/v0 + ♦) ◦ L
octonion force N = −(iF/v0 + ♦) ◦W
4. Classical field equations
In virtue of the properties of complex-sedenions, it is able to deduce the physical
quantities and field equations, for the classical mechanics on the macroscopic scale.
They are relevant to the physical quantities of four classical-fields (gravitational
field, electromagnetic field, W-nuclear field, and strong-nuclear field), including the
complex-sedenion field potential, field strength, field source, linear momentum, an-
gular momentum, torque, and force (Table 1).
4.1. Integrating function
In the tangent space of the complex-sedenion curved space K , one orthogonal and
equal-length tangent-frame Π is chosen as the coordinate system. In this tangent
space, the complex-sedenion integrating function of field potential, X = Xg+kegXe+
kwgXw + ksgXs, is written as,
X(xα) = ix0i0 + x
qi q + ix
4i4 + x
4+qi4+q
+ ix8i8 + x
8+qi8+q + ix
12i12 + x
12+qi12+q , (12)
where Xg , Xe , Xw , and Xs are respectively the components of the integrating
function of field potential X in four complex-quaternion spaces, Hg , He , Hw, and
Hs . Xg = iI g0X
g0+I gqX
gq . Xe = iI e0X
e0+I eqX
eq . Xw = iIw0X
w0+IwqX
wq.
Xs = iI s0X
s0 + I sqX
sq . Xgj , Xej , Xwj , and Xsj are all real. The components,
Xgj , kegX
ej , kwgX
wj , and ksgX
sj , are respectively written as, xj , xj+4 , xj+8 ,
and xj+12 .
After the tangent-frame Π is converted into the orthogonal and unequal-length
tangent-frame Θ , the complex-sedenion integrating function of field potential, X ,
is expanded in terms of the tangent-frame component eα ,
X(yα) = iy0e0 + y
qeq + iy
4e4 + y
4+qe4+q
+ iy8e8 + y
8+qe8+q + iy
12e12 + y
12+qe12+q , (13)
where ya corresponds to xa , while eα corresponds to iα .
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Further the above can be written as,
X(zα) = zαeα , (14)
where z0 = iy0 , zq = yq . z4 = iy4 , zq+4 = yq+4 . z8 = iy8 , zq+8 = yq+8 .
z12 = iy12 , zq+12 = yq+12 .
4.2. Field potential
In the orthogonal and equal-length tangent-frame Π , the complex-sedenion field
potential can be written as,
A = i♦⋆ ◦ X , (15)
where A = Ag+kegAe+kwgAw+ksgAs . Ag , Ae , Aw , and As are respectively the
components of field potential A in four complex-quaternion spaces, Hg, He , Hw ,
and Hs . Ag = iI g0A
g0+I gqA
gq . Ae = iI e0A
e0+I eqA
eq . Aw = iIw0A
w0+IwqA
wq.
As = iI s0A
s0+I sqA
sq . Agj , Aej , Awj , and Asj are all real. The symbol ⋆ stands
for the complex conjugate. ♦⋆ = ♦⋆g + k
−1
eg ♦
⋆
e + k
−1
wg ♦
⋆
w + k
−1
sg ♦
⋆
s . Especially, in
the context, the operation of complex conjugate will be applied to some physical
quantities, except for the coefficients, keg , kwg , and ksg .
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
field potential A can be expanded in terms of the tangent-frame component eα,
A(Aα) = Aαeα , (16)
where A0 = ia0 , Aq = aq . A4 = ia4 , Aq+4 = aq+4 . A8 = ia8 , Aq+8 = aq+8.
A12 = ia12, Aq+12 = aq+12 . The components, aj , aj+4 , aj+8 , and aj+12 ,
correspond to Agj , kegA
ej , kwgA
wj , and ksgA
sj respectively.
In the tangent-frame Θ , by means of the property of the integrating function
of field potential X , the complex-sedenion field potential, A = i♦⋆ ◦ X , can be
separated into,
A = i♦⋆ ⊚ X+ i♦⋆ ⊛ X , (17)
where i♦⋆ ⊚X and i♦⋆ ⊛X are respectively the scalar part and vector part of field
potential A . Apparently, in the tangent-frame Θ , the field potential A consists
of the derivative of the integrating function of field potential X , and the spatial
parameter of complex-sedenion curved space.
4.3. Field strength
In the orthogonal and equal-length tangent-frame Π , the complex-sedenion field
strength can be written as,
F = ♦ ◦ A , (18)
where F = Fg + kegFe + kwgFw + ksgFs . Fg , Fe , Fw , and Fs are respectively the
components of field strength F in four complex-quaternion spaces, Hg, He , Hw , and
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Hs . Fg = iI g0F
g0 + I gqF
gq . Fe = iI e0F
e0 + I eqF
eq . Fw = iIw0F
w0 + IwqF
wq.
Fs = iI s0F
s0 + I sqF
sq . F gj , F ej , Fwj , and F sj are the complex numbers.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
field strength F can be expanded in terms of the tangent-frame component eα ,
F(Fα) = Fαeα , (19)
where F 0 = if0 , F q = f q . F 4 = if4 , F q+4 = f q+4 . F 8 = if8 , F q+8 = f q+8.
F 12 = if12 , F q+12 = f q+12 . The components, f j , f j+4 , f j+8 , and f j+12 ,
correspond to F gj , kegF
ej , kwgF
wj , and ksgF
sj respectively.
In the tangent-frame Θ , by means of the property of the field potential A , the
complex-sedenion field strength, F = ♦ ◦ A , can be separated into,
F = ♦ ⊚ A+ ♦⊛ A , (20)
where ♦ ⊚ A and ♦ ⊛ A are respectively the scalar part and vector part of field
strength F . Apparently, in the tangent-frame Θ , the field strength F contains the
derivative of the field potential A , and the spatial parameter of complex-sedenion
curved space.
4.4. Field source
In the orthogonal and equal-length tangent-frame Π , the complex-sedenion field
source can be written as,
µS = −(iF/v0 + ♦)∗ ◦ F , (21)
where µS = µgSg + kegµeSe + kwgµwSw + ksgµsSs − iF
∗ ◦ F/v0 . Sg , Se , Sw , and
Ss are respectively the components of field source S in four complex-quaternion
spaces, Hg , He, Hw , and Hs . Sg = iI g0S
g0 + I gqS
gq . Se = iI e0S
e0 + I eqS
eq.
Sw = iIw0S
w0 + IwqS
wq. Ss = iI s0S
s0 + I sqS
sq . Sgj , Sej , Swj , and Ssj are all
real. µ , µg , µe , µw, and µs are coefficients. From the above, it is able to deduce the
electromagnetic field equations and gravitational field equations, in the orthogonal
and equal-length tangent-frame Π of the complex-sedenion flat space.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
field source S can be expanded in terms of the tangent-frame component eα ,
S(Sα) = Sαeα , (22)
where S0 = is0 , Sq = sq . S4 = is4 , Sq+4 = sq+4 . S8 = is8 , Sq+8 = sq+8. S12 =
is12, Sq+12 = sq+12 . The components, sj , sj+4 , sj+8 , and sj+12 , correspond to
µgS
gj , kegµeS
ej , kwgµwS
wj , and ksgµsS
sj respectively.
In the tangent-frame Θ , by means of the property of the field strength F , the
complex-sedenion field source, µS = −(iF/v0 + ♦)∗ ◦ F , can be separated into,
µS = −(iF/v0 + ♦)∗ ⊚ F− (iF/v0 + ♦)∗ ⊛ F , (23)
where −(iF/v0 + ♦)∗ ⊚ F and −(iF/v0 + ♦)∗ ⊛ F are respectively the scalar part
and vector part of field source µS . Apparently, in the tangent-frame Θ, the field
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source S comprises the derivative of the field strength F , and the spatial param-
eter of complex-sedenion curved space. From the above, it is able to deduce the
electromagnetic field equations and gravitational field equations, in the orthogonal
and unequal-length tangent-frame Θ of the complex-sedenion curved space.
4.5. Linear momentum
In the orthogonal and equal-length tangent-frame Π , the complex-sedenion linear
momentum can be written as,
P = µS/µgg , (24)
where P = Pg + kegPe + kwgPw + ksgPs . Pg , Pe , Pw , and Ps are respectively
the components of linear momentum P in four complex-quaternion spaces, Hg, He,
Hw, and Hs . Pg = {µgSg − iF
∗ ◦ F/v0}/µgg . Pe = µeSe/µ
g
g . Pw = µwSw/µ
g
g. Ps =
µsSs/µ
g
g. Pg = iI g0P
g0+I gqP
gq . Pe = iI e0P
e0+I eqP
eq . Pw = iIw0P
w0+IwqP
wq.
Ps = iI s0P
s0+I sqP
sq. P gj , P ej , Pwj , and P sj are all real. µgg is the gravitational
constant.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
linear momentum P is expanded in terms of the tangent-frame component eα ,
P(Pα) = Pαeα , (25)
where P 0 = ip0 , P q = pq . P 4 = ip4 , P q+4 = pq+4 . P 8 = ip8 , P q+8 = pq+8.
P 12 = ip12, P q+12 = pq+12 . The components, pj , pj+4 , pj+8 , and pj+12 ,
correspond to P gj , kegP
ej , kwgP
wj , and ksgP
sj respectively.
4.6. Angular momentum
In the orthogonal and equal-length tangent-frame Π , the complex-sedenion angular
momentum can be written as,
L = U⋆ ◦ P , (26)
where L = Lg + kegLe + kwgLw + ksgLs . Lg , Le , Lw , and Ls are respectively
the components of linear momentum L in four complex-quaternion spaces, Hg,
He, Hw, and Hs . R
⋆ = R⋆g + kegR
⋆
e + kwgR
⋆
w + ksgR
⋆
s . X
⋆ = X⋆g + kegX
⋆
e +
kwgX
⋆
w+ksgX
⋆
s. The radius vector, R , and the integrating function of field potential,
X, can be combined together to become one new radius vector, U = R + krxX ,
which is called as the composite radius vector temporarily. Ug = Rg + krxXg .
Ue = Re + krxXe . Uw = Rw + krxXw. Us = Rs + krxXs. krx is a coefficient,
to meet the requirement of dimensional homogeneity. Lg = iI g0L
g0 + I gqL
gq .
Le = iI e0L
e0 + I eqL
eq . Lw = iIw0L
w0 + IwqL
wq. Ls = iI s0L
s0 + I sqL
sq . Lgj ,
Lej , Lwj , and Lsj are complex numbers. The angular momentum L includes the
orbital angular momentum, electric dipole moment, and magnetic dipole moment.
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In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
angular momentum L is expanded in terms of the tangent-frame component eα ,
L(Lα) = Lαeα , (27)
where L0 = il0 , Lq = lq . L4 = il4 , Lq+4 = lq+4 . L8 = il8 , Lq+8 = lq+8.
L12 = il12, Lq+12 = lq+12 . The components, lj , lj+4 , lj+8 , and lj+12 , correspond
to Lgj , kegL
ej , kwgL
wj , and ksgL
sj respectively.
In the tangent-frame Θ , making use of the properties of the composite radius
vector U and linear momentum P , the complex-sedenion angular momentum, L =
U⋆ ◦ P , can be separated into,
L = U⋆ ⊚ P+ U⋆ ⊛ P , (28)
where U⋆⊚P and U⋆⊛P are respectively the scalar part and vector part of angular
momentum L . Apparently, in the tangent-frame Θ , the angular momentum L
consists of the derivative of the composite radius vector U and linear momentum
P, and the spatial parameter of complex-sedenion curved space.
4.7. Torque
In the orthogonal and equal-length tangent-frame Π , the complex-sedenion torque
can be written as,
W = −v0(iF/v0 + ♦) ◦ L , (29)
whereW =Wg+kegWe+kwgWw+ksgWs .Wg ,We ,Ww , andWs are respectively
the components of torqueW in four complex-quaternion spaces, Hg , He , Hw , and
Hs. Wg = iI g0W
g0 + I gqW
gq . We = iI e0W
e0 + I eqW
eq. Ww = iIw0W
w0 +
IwqW
wq. Ws = iI s0W
s0 + I sqW
sq . W gj , W ej , Wwj , and W sj are complex
numbers. The torque W includes the conventional torque and energy and so forth.
Especially, the energy consists of the proper energy, kinetic energy, potential energy,
work, and the interacting energy between the electric field intensity with the electric
dipole moment, and the interacting energy between the magnetic flux density with
the magnetic dipole moment, and so forth.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
torque W can be expanded in terms of the tangent-frame component eα ,
W(Wα) = Wαeα , (30)
whereW 0 = iw0 ,W q = wq .W 4 = iw4 ,W q+4 = wq+4 .W 8 = iw8,W q+8 = wq+8.
W 12 = iw12 , W q+12 = wq+12. The components, wj , wj+4, wj+8 , and wj+12 ,
correspond to W gj , kegW
ej , kwgW
wj , and ksgW
sj respectively.
In the tangent-frame Θ , in virtue of the property of angular momentum L , the
complex-sedenion torque, W = −v0(iF/v0 + ♦) ◦ L , can be separated into,
W = −v0(iF/v0 + ♦)⊚ L− v0(iF/v0 + ♦)⊛ L , (31)
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where −v0(iF/v0+♦)⊚L and −v0(iF/v0+♦)⊛L are respectively the scalar part
and vector part of torque W . Apparently, in the tangent-frame Θ , the torque W
contains the derivative of the angular momentum L , and the spatial parameter of
complex-sedenion curved space.
4.8. Force
In the orthogonal and equal-length tangent-frame Π , the complex-sedenion force
can be written as,
N = −(iF/v0 + ♦) ◦W , (32)
where N = Ng + kegNe + kwgNw + ksgNs . Ng , Ne , Nw , and Ns are respectively
the components of force N in four complex-quaternion spaces, Hg, He , Hw , and
Hs. Ng = iI g0N
g0 + I gqN
gq . Ne = iI e0N
e0 + I eqN
eq. Nw = iIw0N
w0 + IwqN
wq.
Ns = iI s0N
s0 + I sqN
sq . Ngj , Nej , Nwj , and Nsj are complex numbers. When
N = 0, it is able to deduce the force equilibrium equation, precessional equilibrium
equation, mass continuity equation, and current continuity equation and so forth,
from the above.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
force N can be expanded in terms of the tangent-frame component eα ,
N(Nα) = Nαeα , (33)
where N0 = in0 , N q = nq . N4 = in4 , N q+4 = nq+4 . N8 = in8 , N q+8 = nq+8.
N12 = in12 , N q+12 = nq+12. The components, nj , nj+4 , nj+8 , and nj+12 ,
correspond to Ngj , kegN
ej , kwgN
wj , and ksgN
sj respectively.
In the tangent-frame Θ , in virtue of the property of torque momentum W, the
complex-sedenion force, N = −(iF/v0 + ♦) ◦W , can be separated into,
N = −(iF/v0 + ♦)⊚W− (iF/v0 + ♦)⊛W , (34)
where −(iF/v0+♦)⊚W and −(iF/v0+♦)⊛W are respectively the scalar part and
vector part of force N . Apparently, in the tangent-frame Θ , the force N contains not
only the derivative of torqueW , but also the spatial parameter of complex-sedenion
curved space.
In terms of the vector part, −(iF/v0 +♦)⊛W , its component in the complex-
quaternion space Hg can be written as, N
f = N qeq . The imaginary part of N
f is
the force term Ni , while the real part of Nf is the precessional term Nr . When
Nf = 0, the force equilibrium equation isNi = 0, while the precessional equilibrium
equation is Nr = 0 . Further, it is able to infer the linear acceleration and angular
velocity of revolution from Ni = 0 , and the angular velocity of precession from
Nr = 0 . The force is seized of several terms, including the inertial force, gravity,
electromagnetic force, energy gradient, and additional force term,Ni(curved) , caused
by the curved space. The term, Ni(curved) , is relevant to the connection coefficient
and curvature tensor and so forth of the complex-sedenion curved space. In terms
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of the force term, Ni, the contribution of the additional force term, Ni(curved) , is
quite tiny, under most circumstances.
The above states that the complex-sedenion angular momentum, in the complex-
sedenion curved space, comprises the orbital angular momentum, magnetic moment,
and electric moment and so forth. The complex-sedenion torque consists of the
conventional torque, energy, and power and so on. When the complex-sedenion
force equals to zero, it is able to deduce the force equilibrium equation, precessional
equilibrium equation, mass continuity equation, and current continuity equation
and so forth. The force contains the inertial force, gravity, electromagnetic force,
and energy gradient and so forth. The energy gradient can be applied to explore
the gravitational mass, astrophysical jet, driving force, condensed dark matter, new
accelerator and decelerator and so on. The precessional equilibrium equation can be
utilized to explain the reason of the precessional phenomena, inferring the angular
frequency of Larmor precession and so forth.
Table 2. Some quantum physical quantities, auxiliary quantities, and wavefunc-
tions, in the complex-sedenion quantum space.
classical physical auxiliary wave function quantum physical
quantity quantity quantity
composite radius vector ZU ΨZU = ZU ◦ U/~ U(Ψ) = ZU ◦ U
integrating function ZX ΨZX = ZX ◦ X/~ X(Ψ) = ZX ◦ X
field potential ZA ΨZA = ZA ◦ A/~ A(Ψ) = ZA ◦ A
field strength ZF ΨZF = ZF ◦ F/~ F(Ψ) = ZF ◦ F
field source ZS ΨZS = ZS ◦ S/~ S(Ψ) = ZS ◦ S
linear momentum ZP ΨZP = ZP ◦ P/~ P(Ψ) = ZP ◦ P
angular momentum ZL ΨZL = ZL ◦ L/~ L(Ψ) = ZL ◦ L
torque ZW ΨZW = ZW ◦W/~ W(Ψ) = ZW ◦W
force ZN ΨZN = ZN ◦ N/~ N(Ψ) = ZN ◦ N
5. Quantum-field equations
In the complex-quaternion space, one complex-quaternion physical quantity can be
rewritten as the exponential form. In virtue of the properties of auxiliary quantity
and function, the product of the complex-quaternion physical quantity with the
auxiliary quantity is able to be expressed as one complex-quaternion wavefunction.
And it can be reduced into the complex-number wavefunction in the conventional
quantum mechanics. Similarly, in the complex-octonion space, the product of the
complex-octonion physical quantity with its auxiliary quantity can be written as one
complex-octonion wavefunction. And the product of the complex-sedenion physical
quantity with its auxiliary quantity is able to be written as one complex-sedenion
wavefunction, in the complex-sedenion space.
By means of the introduction of auxiliary quantities (Table 2), from the complex-
sedenion space K , it is capable of achieving one complex-sedenion function space,
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which is called as the quantum space, KZ , temporarily. And it is able to deduce
the quantum-field equations, for the quantum mechanics on the microscopic scale,
from the classical field equations on the macroscopic scale, in the complex-sedenion
curved space. In the complex-sedenion quantum space, KZ , two of quantum-field
equations can be respectively degenerated into the complex-number Dirac wave
equation, and the Yang-Mills equation of the non-Abelian gauge fields [42] , under
some circumstances.
In the complex-sedenion quantum space,KZ , the quantum-field, in the quantum
mechanics on the microscopic scale, can be regarded as the function or transforma-
tion of the conventional classical-field, in the classical mechanics on the macroscopic
scale. By analogy with the deduction method of the field equations for the classical
mechanics on the macroscopic scale, it is able to achieve the field equations for the
quantum mechanics on the microscopic scale (Table 3). In other words, in virtue
of the complex-sedenion exponential form and wavefunction, the paper is capa-
ble of inferring the field equations for the quantum mechanics on the microscopic
scale. They are relevant to the physical quantities of the four quantum-fields (grav-
itational quantum-field, electromagnetic quantum-field, W-nuclear quantum-field,
and strong-nuclear quantum-field), including the quantum-field potential, quantum-
field strength, quantum-field source, quantum linear momentum, quantum angular
momentum, quantum torque, and quantum force.
In terms of different quantum physical quantities, their relevant auxiliary quan-
tities will be different from each other. In the practical problems, we can choose
some appropriate auxiliary quantities, to satisfy fully the specific requirements.
Sometimes, there may be several types of selections, for one auxiliary quantity.
Therefore, a majority of physical quantities in the quantum space, KZ , are differ-
ent from that in the complex-sedenion space, K .
5.1. Quantum composite radius vector
In the orthogonal and equal-length tangent-frame Π of the complex-sedenion curved
space, the quantum composite radius vector can be written as,
U(Ψ) = ZU ◦ U , (35)
where U(Ψ) = U(Ψ)g + kegU(Ψ)e + kwgU(Ψ)w + ksgU(Ψ)s . ZU is a dimensionless
auxiliary quantity. U(Ψ)g , U(Ψ)e, U(Ψ)w, and U(Ψ)s are respectively the components
of quantum composite radius vector U(Ψ) in four complex-quaternion spaces, Hg,
He, Hw , and Hs. U(Ψ)g = iI g0U
g0
(Ψ) + I gqU
gq
(Ψ) . U(Ψ)e = iI e0U
e0
(Ψ) + I eqU
eq
(Ψ).
U(Ψ)w = iIw0U
w0
(Ψ)+ IwqU
wq
(Ψ). U(Ψ)s = iI s0U
s0
(Ψ)+ I sqU
sq
(Ψ). U
gj
(Ψ) , U
ej
(Ψ) , U
wj
(Ψ) , and
Usj(Ψ) are complex numbers.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
quantum composite radius vector, U(Ψ) , can be expanded in terms of the tangent-
frame component eα ,
U(Ψ)(U
α
(Ψ)) = U
α
(Ψ)eα , (36)
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where U0(Ψ) = iC
0
(Ψ) , U
q
(Ψ) = C
q
(Ψ) . U
4
(Ψ) = iC
4
(Ψ) , U
q+4
(Ψ) = C
q+4
(Ψ) . U
8
(Ψ) = iC
8
(Ψ),
U q+8(Ψ) = C
q+8
(Ψ) . U
12
(Ψ) = iC
12
(Ψ) , U
q+12
(Ψ) = C
q+12
(Ψ) . And the components, C
j
(Ψ) , C
j+4
(Ψ) ,
Cj+8(Ψ) , and C
j+12
(Ψ) , correspond to U
gj
(Ψ) , kegU
ej
(Ψ) , kwgU
wj
(Ψ) , and ksgU
sj
(Ψ) respectively.
5.2. Composite operator
In the orthogonal and equal-length tangent-frame Π , one new composite operator
can be written as,
DZ = iZW ◦W
⋆/(~v0) + ♦ , (37)
where ZW is a dimensionless auxiliary quantity. DZ = DZg + kegDZe + kwgDZw +
ksgDZs. DZg , DZe , DZw , and DZs are the components of composite operator DZ
in four complex-quaternion spaces, Hg , He , Hw , and Hs , respectively. DZg =
iD(ZW )g/(~v
0) + ♦g. DZe = iD(ZW )e/(~v
0) + k −2eg ♦e . DZw = iD(ZW )w/(~v
0) +
k −2wg ♦w. DZs = iD(ZW )s/(~v
0)+k −2sg ♦s . Moreover, D(ZW ) = ZW ◦W
⋆ . D(ZW ) =
D(ZW )g + kegD(ZW )e + kwgD(ZW )w + ksgD(ZW )s. D(ZW )g , D(ZW )e , D(ZW )w , and
D(ZW )s are the components of operator D(ZW ) in four complex-quaternion spaces,
Hg , He , Hw , and Hs , respectively.
Apparently, by means of the appropriate transformation, the composite opera-
tor, DZ = iZW ◦W
⋆/(~v0) + ♦ , can be converted from the tangent-frame Π, into
the tangent-frame Θ .
5.3. Quantum-field potential
In the orthogonal and equal-length tangent-frame Π of the complex-sedenion curved
space, the quantum-field potential can be written as,
A(Ψ) = iD
⋆
Z ◦ X(Ψ) , (38)
where A(Ψ) = ZA ◦ A , X(Ψ) = ZX ◦ X . ZA and ZX are dimensionless auxiliary
quantities. A(Ψ) = A(Ψ)g + kegA(Ψ)e + kwgA(Ψ)w + ksgA(Ψ)s . A(Ψ)g , A(Ψ)e, A(Ψ)w,
and A(Ψ)s are the components of quantum-field potential A(Ψ) in four complex-
quaternion spaces, Hg , He , Hw , and Hs , respectively. D
⋆
Z = D
⋆
Zg + kegD
⋆
Ze +
kwgD
⋆
Zw + ksgD
⋆
Zs . A(Ψ)g = iI g0A
g0
(Ψ) + I gqA
gq
(Ψ) . A(Ψ)e = iI e0A
e0
(Ψ) + I eqA
eq
(Ψ) .
A(Ψ)w = iIw0A
w0
(Ψ) + IwqA
wq
(Ψ). A(Ψ)s = iI s0A
s0
(Ψ) + I sqA
sq
(Ψ). A
gj
(Ψ) , A
ej
(Ψ) , A
wj
(Ψ) ,
and Asj(Ψ) are complex numbers. The case of X(Ψ) is similar to that of A(Ψ) .
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
quantum-field potential, A(Ψ) , can be expanded in terms of the tangent-frame
component eα ,
A(Ψ)(A
α
(Ψ)) = A
α
(Ψ)eα , (39)
where A0(Ψ) = ia
0
(Ψ) , A
q
(Ψ) = a
q
(Ψ) . A
4
(Ψ) = ia
4
(Ψ) , A
q+4
(Ψ) = a
q+4
(Ψ) . A
8
(Ψ) = ia
8
(Ψ),
Aq+8(Ψ) = a
q+8
(Ψ) . A
12
(Ψ) = ia
12
(Ψ) , A
q+12
(Ψ) = a
q+12
(Ψ) . And the components, a
j
(Ψ) , a
j+4
(Ψ) ,
aj+8(Ψ) , and a
j+12
(Ψ) , correspond to A
gj
(Ψ) , kegA
ej
(Ψ) , kwgA
wj
(Ψ) , and ksgA
sj
(Ψ) respectively.
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In the tangent-frame Θ , in virtue of the property of the quantum integrating
function of field potential, X(Ψ) , the complex-sedenion quantum-field potential,
A(Ψ) = iD
⋆
Z ◦ X(Ψ) , can be separated into,
A(Ψ) = iD
⋆
Z ⊚ X(Ψ) + iD
⋆
Z ⊛ X(Ψ) , (40)
where iD⋆Z ⊚ X(Ψ) and iD
⋆
Z ⊛ X(Ψ) are respectively the scalar part and vector part
of the quantum-field potential, A(Ψ) . Apparently, in the tangent-frame Θ , the
quantum-field potential A(Ψ) contains not only the derivative of the quantum inte-
grating function of field potential, X(Ψ) , but also the spatial parameter of complex-
sedenion curved space.
5.4. Quantum-field strength
In the orthogonal and equal-length tangent-frame Π of the complex-sedenion curved
space, the quantum-field strength can be written as,
F(Ψ) = DZ ◦ A(Ψ) , (41)
where F(Ψ) = ZF ◦ F , with ZF being a dimensionless auxiliary quantity. F(Ψ) =
F(Ψ)g + kegF(Ψ)e + kwgF(Ψ)w + ksgF(Ψ)s. F(Ψ)g , F(Ψ)e , F(Ψ)w , and F(Ψ)s are the
components of quantum-field strength F(Ψ) in four complex-quaternion spaces, Hg,
He , Hw , and Hs , respectively. F(Ψ)g = iI g0F
g0
(Ψ) + I gqF
gq
(Ψ) . F(Ψ)e = iI e0F
e0
(Ψ) +
I eqF
eq
(Ψ). F(Ψ)w = iIw0F
w0
(Ψ) + IwqF
wq
(Ψ). F(Ψ)s = iI s0F
s0
(Ψ) + I sqF
sq
(Ψ). F
gj
(Ψ) , F
ej
(Ψ) ,
Fwj(Ψ) , and F
sj
(Ψ) are complex numbers.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
quantum-field strength, F(Ψ) , can be expanded in terms of the tangent-frame com-
ponent eα ,
F(Ψ)(F
α
(Ψ)) = F
α
(Ψ)eα , (42)
where F 0(Ψ) = if
0
(Ψ) , F
q
(Ψ) = f
q
(Ψ) . F
4
(Ψ) = if
4
(Ψ) , F
q+4
(Ψ) = f
q+4
(Ψ) . F
8
(Ψ) = if
8
(Ψ),
F q+8(Ψ) = f
q+8
(Ψ) . F
12
(Ψ) = if
12
(Ψ) , F
q+12
(Ψ) = f
q+12
(Ψ) . And the components, f
j
(Ψ) , f
j+4
(Ψ) ,
f j+8(Ψ) , and f
j+12
(Ψ) , correspond to F
gj
(Ψ) , kegF
ej
(Ψ) , kwgF
wj
(Ψ) , and ksgF
sj
(Ψ) respectively.
In the tangent-frame Θ , making use of the property of the quantum-field po-
tential, A(Ψ) , the complex-sedenion quantum-field strength, F(Ψ) = DZ ◦A(Ψ), can
be separated into,
F(Ψ) = DZ ⊚ A(Ψ) + DZ ⊛ A(Ψ) , (43)
where DZ ⊚ A(Ψ) and DZ ⊛ A(Ψ) are respectively the scalar part and vector part
of the quantum-field strength, F(Ψ) . Apparently, in the tangent-frame Θ , the
quantum-field strength F(Ψ) consists of not only the derivative of quantum-field
potential, A(Ψ) , but also the spatial parameter of complex-sedenion curved space.
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5.5. Quantum-field source
In the orthogonal and equal-length tangent-frame Π of the complex-sedenion curved
space, the quantum-field source can be written as,
µS(Ψ) = −D
∗
Z ◦ F(Ψ) , (44)
where S(Ψ) = ZS ◦ S , with ZS being a dimensionless auxiliary quantity. µS(Ψ) =
µgS(Ψ)g + kegµeS(Ψ)e + kwgµwS(Ψ)w + ksgµsS(Ψ)s . S(Ψ)g , S(Ψ)e , S(Ψ)w , and S(Ψ)s
are the components of quantum-field source S(Ψ) in four complex-quaternion spaces,
Hg, He , Hw , and Hs , respectively. S(Ψ)g = iI g0S
g0
(Ψ)+I gqS
gq
(Ψ) . S(Ψ)e = iI e0S
e0
(Ψ)+
I eqS
eq
(Ψ). S(Ψ)w = iIw0S
w0
(Ψ) + IwqS
wq
(Ψ) . S(Ψ)s = iI s0S
s0
(Ψ) + I sqS
sq
(Ψ) . S
gj
(Ψ), S
ej
(Ψ) ,
Swj(Ψ) , and S
sj
(Ψ) are complex numbers. From the above, it is able to deduce the
quantum-field equations and so forth, in the tangent-frame Π of flat space KZ .
And the quantum-field equations can be degenerated into the Yang-Mills equations
(see Ref.[42]).
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
quantum-field source, S(Ψ) , is expanded in terms of the tangent-frame component
eα,
S(Ψ)(S
α
(Ψ)) = S
α
(Ψ)eα , (45)
where S0(Ψ) = is
0
(Ψ) , S
q
(Ψ) = s
q
(Ψ) . S
4
(Ψ) = is
4
(Ψ) , S
q+4
(Ψ) = s
q+4
(Ψ) . S
8
(Ψ) = is
8
(Ψ),
Sq+8(Ψ) = s
q+8
(Ψ) . S
12
(Ψ) = is
12
(Ψ) , S
q+12
(Ψ) = s
q+12
(Ψ) . And the components, s
j
(Ψ) , s
j+4
(Ψ) , s
j+8
(Ψ) ,
and sj+12(Ψ) , correspond to S
gj
(Ψ) , kegS
ej
(Ψ) , kwgS
wj
(Ψ) , and ksgS
sj
(Ψ) respectively.
In the tangent-frame Θ , in virtue of the property of the quantum-field strength,
F(Ψ) , the complex-sedenion quantum-field source, µS(Ψ) = −D
∗
Z ◦ F(Ψ), can be
separated into,
µS(Ψ) = −D
∗
Z ⊚ F(Ψ) − D
∗
Z ⊛ F(Ψ) , (46)
where −D∗Z⊚F(Ψ) and −D
∗
Z⊛F(Ψ) are respectively the scalar part and vector part of
the quantum-field source, µS(Ψ). Obviously, in the tangent-frame Θ, the quantum-
field source S(Ψ) comprises not only the derivative of quantum-field strength, F(Ψ) ,
but also the spatial parameter of complex-sedenion curved space. From the above,
it is able to deduce the quantum-field equations and so forth, in the tangent-frame
Θ of the curved space KZ . And the quantum-field equations can be degenerated
into the Yang-Mills equations in the curved space.
5.6. Quantum linear momentum
In the orthogonal and equal-length tangent-frame Π of the complex-sedenion curved
space, the quantum linear momentum can be written as,
P(Ψ) = µS(Ψ)/µ
g
g , (47)
where P(Ψ) = ZP ◦ P , with ZP being a dimensionless auxiliary quantity. P(Ψ) =
P(Ψ)g + kegP(Ψ)e + kwgP(Ψ)w + ksgP(Ψ)s. P(Ψ)g , P(Ψ)e , P(Ψ)w , and P(Ψ)s are the
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components of quantum linear momentum P(Ψ) in four complex-quaternion spaces,
Hg , He , Hw , and Hs , respectively. P(Ψ)g = µgS(Ψ)g/µ
g
g. P(Ψ)e = µeS(Ψ)e/µ
g
g.
P(Ψ)w = µwS(Ψ)w/µ
g
g. P(Ψ)s = µsS(Ψ)s/µ
g
g . P(Ψ)g = iI g0P
g0
(Ψ) + I gqP
gq
(Ψ) . P(Ψ)e =
iI e0P
e0
(Ψ) + I eqP
eq
(Ψ) . P(Ψ)w = iIw0P
w0
(Ψ) + IwqP
wq
(Ψ). P(Ψ)s = iI s0P
s0
(Ψ) + I sqP
sq
(Ψ).
P gj(Ψ), P
ej
(Ψ), P
wj
(Ψ) , and P
sj
(Ψ) are complex numbers.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
quantum linear momentum, P(Ψ) , can be expanded in terms of the tangent-frame
component eα ,
P(Ψ)(P
α
(Ψ)) = P
α
(Ψ)eα , (48)
where P 0(Ψ) = ip
0
(Ψ) , P
q
(Ψ) = p
q
(Ψ) . P
4
(Ψ) = ip
4
(Ψ) , P
q+4
(Ψ) = p
q+4
(Ψ) . P
8
(Ψ) = ip
8
(Ψ),
P q+8(Ψ) = p
q+8
(Ψ) . P
12
(Ψ) = ip
12
(Ψ) , P
q+12
(Ψ) = p
q+12
(Ψ) . And the components, p
j
(Ψ) , p
j+4
(Ψ) ,
pj+8(Ψ) , and p
j+12
(Ψ) , correspond to P
gj
(Ψ) , kegP
ej
(Ψ) , kwgP
wj
(Ψ) , and ksgP
sj
(Ψ) respectively.
5.7. Quantum angular momentum
In the orthogonal and equal-length tangent-frame Π of the complex-sedenion curved
space, the quantum angular momentum can be written as,
L(Ψ) = U
⋆
(Ψ) ◦ P(Ψ) , (49)
where L(Ψ) = ZL ◦ L , with ZL being a dimensionless auxiliary quantity. L(Ψ) =
L(Ψ)g + kegL(Ψ)e + kwgL(Ψ)w + ksgL(Ψ)s. L(Ψ)g , L(Ψ)e , L(Ψ)w , and L(Ψ)s are
the components of quantum angular momentum L(Ψ) in four complex-quaternion
spaces, Hg , He , Hw, and Hs , respectively. L(Ψ)g = iI g0L
g0
(Ψ) + I gqL
gq
(Ψ) . L(Ψ)e =
iI e0L
e0
(Ψ) + I eqL
eq
(Ψ) . L(Ψ)w = iIw0L
w0
(Ψ) + IwqL
wq
(Ψ) . L(Ψ)s = iI s0L
s0
(Ψ) + I sqL
sq
(Ψ) .
Lgj(Ψ) , L
ej
(Ψ) , L
wj
(Ψ), and L
sj
(Ψ) are complex numbers.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
quantum angular momentum, L(Ψ), can be expanded in terms of the tangent-frame
component eα ,
L(Ψ)(L
α
(Ψ)) = L
α
(Ψ)eα , (50)
where L0(Ψ) = il
0
(Ψ) , L
q
(Ψ) = l
q
(Ψ) . L
4
(Ψ) = il
4
(Ψ) , L
q+4
(Ψ) = l
q+4
(Ψ) . L
8
(Ψ) = il
8
(Ψ),
Lq+8(Ψ) = l
q+8
(Ψ) . L
12
(Ψ) = il
12
(Ψ) , L
q+12
(Ψ) = l
q+12
(Ψ) . And the components, l
j
(Ψ) , l
j+4
(Ψ) , l
j+8
(Ψ) ,
and lj+12(Ψ) , correspond to L
gj
(Ψ) , kegL
ej
(Ψ) , kwgL
wj
(Ψ) , and ksgL
sj
(Ψ) respectively.
In the tangent-frame Θ , in virtue of the properties of the quantum composite
radius vector U(Ψ) and quantum linear momentum P(Ψ) , the complex-sedenion
quantum angular momentum, L(Ψ) = U
⋆
(Ψ) ◦ P(Ψ) , can be separated into,
L(Ψ) = U
⋆
(Ψ) ⊚ P(Ψ) + U
⋆
(Ψ) ⊛ P(Ψ) , (51)
where U⋆(Ψ) ⊚ P(Ψ) and U
⋆
(Ψ) ⊛ P(Ψ) are respectively the scalar part and vector
part of the quantum angular momentum, L(Ψ) . Obviously, in the tangent-frame
Θ , the quantum angular momentum L(Ψ) comprises not only the derivative of the
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quantum composite radius vector U(Ψ) and quantum linear momentum P(Ψ), but
also the spatial parameter of complex-sedenion curved space.
5.8. Quantum torque
In the orthogonal and equal-length tangent-frame Π of the complex-sedenion curved
space, the quantum torque can be written as,
W(Ψ) = −v
0
DZ ◦ L(Ψ) , (52)
whereW(Ψ) = ZW ◦W , with ZW being a dimensionless auxiliary quantity.W(Ψ) =
W(Ψ)g + kegW(Ψ)e + kwgW(Ψ)w + ksgW(Ψ)s. W(Ψ)g , W(Ψ)e , W(Ψ)w , and W(Ψ)s
are the components of quantum torque W(Ψ) in four complex-quaternion spaces,
Hg , He , Hw, and Hs , respectively. W(Ψ)g = iI g0W
g0
(Ψ) + I gqW
gq
(Ψ) . W(Ψ)e =
iI e0W
e0
(Ψ)+I eqW
eq
(Ψ).W(Ψ)w = iIw0W
w0
(Ψ)+IwqW
wq
(Ψ) .W(Ψ)s = iI s0W
s0
(Ψ)+I sqW
sq
(Ψ).
W gj(Ψ) , W
ej
(Ψ), W
wj
(Ψ) , and W
sj
(Ψ) are complex numbers. When W(Ψ) = 0, from the
definition of quantum torque,W(Ψ) = −v
0DZ ◦L(Ψ) , it is able to deduce the Dirac
wave equation. Further the latter can be degenerated into the Schro¨dinger wave
equation.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
quantum torque, W(Ψ), is expanded in terms of the tangent-frame component eα,
W(Ψ)(W
α
(Ψ)) =W
α
(Ψ)eα , (53)
where W 0(Ψ) = iw
0
(Ψ) , W
q
(Ψ) = w
q
(Ψ) . W
4
(Ψ) = iw
4
(Ψ) , W
q+4
(Ψ) = w
q+4
(Ψ) . W
8
(Ψ) = iw
8
(Ψ),
W q+8(Ψ) = w
q+8
(Ψ) . W
12
(Ψ) = iw
12
(Ψ), W
q+12
(Ψ) = w
q+12
(Ψ) . And the components, w
j
(Ψ) ,
wj+4(Ψ) , w
j+8
(Ψ) , and w
j+12
(Ψ) , correspond to W
gj
(Ψ) , kegW
ej
(Ψ) , kwgW
wj
(Ψ) , and ksgW
sj
(Ψ)
respectively.
In the tangent-frame Θ , in virtue of the property of the quantum angular
momentum L(Ψ) , the complex-sedenion quantum torque, W(Ψ) = −v
0DZ ◦ L(Ψ),
can be separated into,
W(Ψ) = −v
0
DZ ⊚ L(Ψ) − v
0
DZ ⊛ L(Ψ) , (54)
where −v0DZ ⊚L(Ψ) and −v
0DZ ⊛L(Ψ) are respectively the scalar part and vector
part of the quantum torque, W(Ψ). Apparently, in the tangent-frame Θ , the quan-
tum torque W(Ψ) contains not only the derivative of quantum angular momentum
L(Ψ) , but also the spatial parameter of complex-sedenion curved space.
5.9. Quantum force
In the orthogonal and equal-length tangent-frame Π of the complex-sedenion curved
space, the quantum force can be written as,
N(Ψ) = −DZ ◦W(Ψ) , (55)
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where N(Ψ) = ZN ◦ N , with ZN being a dimensionless auxiliary quantity. N(Ψ) =
N(Ψ)g + kegN(Ψ)e + kwgN(Ψ)w + ksgN(Ψ)s. N(Ψ)g , N(Ψ)e , N(Ψ)w , and N(Ψ)s are the
components of quantum force N(Ψ) in four complex-quaternion spaces, Hg , He, Hw,
and Hs , respectively. N(Ψ)g = iI g0N
g0
(Ψ) + I gqN
gq
(Ψ) . N(Ψ)e = iI e0N
e0
(Ψ) + I eqN
eq
(Ψ).
N(Ψ)w = iIw0N
w0
(Ψ) + IwqN
wq
(Ψ) . N(Ψ)s = iI s0N
s0
(Ψ) + I sqN
sq
(Ψ). N
gj
(Ψ) , N
ej
(Ψ), N
wj
(Ψ) ,
and Nsj(Ψ) are complex numbers.
In the orthogonal and unequal-length tangent-frame Θ , the complex-sedenion
quantum force, N(Ψ) , is expanded in terms of the tangent-frame component eα ,
N(Ψ)(N
α
(Ψ)) = N
α
(Ψ)eα , (56)
where N0(Ψ) = in
0
(Ψ) , N
q
(Ψ) = n
q
(Ψ) . N
4
(Ψ) = in
4
(Ψ) , N
q+4
(Ψ) = n
q+4
(Ψ) . N
8
(Ψ) =
in8(Ψ), N
q+8
(Ψ) = n
q+8
(Ψ) . N
12
(Ψ) = in
12
(Ψ) , N
q+12
(Ψ) = n
q+12
(Ψ) . And the components, n
j
(Ψ) ,
nj+4(Ψ) , n
j+8
(Ψ) , and n
j+12
(Ψ) , correspond to N
gj
(Ψ) , kegN
ej
(Ψ) , kwgN
wj
(Ψ) , and ksgN
sj
(Ψ)
respectively.
In the tangent-frame Θ , in virtue of the property of the quantum torqueW(Ψ),
the complex-sedenion quantum force, N(Ψ) = −DZ ◦W(Ψ) , is separated into,
N(Ψ) = −DZ ⊚W(Ψ) − DZ ⊛W(Ψ) , (57)
where −DZ ⊚W(Ψ) and −DZ ⊛W(Ψ) are respectively the scalar part and vector
part of the quantum force, N(Ψ). Apparently, in the tangent-frame Θ , the quantum
force N(Ψ) contains not only the derivative of quantum torque W(Ψ) , but also the
spatial parameter of complex-sedenion curved space.
Table 3. The quantum-field equations, for the quantum me-
chanics on the microscopic scale, in the complex-sedenion
curved quantum space KZ .
quantum physics quantity definition
quantum field potential A(Ψ) = iD
⋆
Z
◦ X(Ψ)
quantum field strength F(Ψ) = DZ ◦ A(Ψ)
quantum field source µS(Ψ) = −D
∗
Z
◦ F(Ψ)
quantum linear momentum P(Ψ) = µS(Ψ)/µ
g
g
quantum angular momentum L(Ψ) = U
⋆ ◦ P(Ψ)
quantum torque W(Ψ) = −v
0DZ ◦ L(Ψ)
quantum force N(Ψ) = −DZ ◦W(Ψ)
6. Composite space
In the complex-sedenion curved space K , it is able to express the contribution of
the curved space on the four classical-fields. However it is incapable of establish-
ing directly the relationship between the physical quantity and spatial parameter,
neither exploring the reason to result in the warping of space. By contrast, in
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the complex-sedenion curved composite-space, it is able to deduce the formula be-
tween the physical quantity and spatial parameter, achieving a few inferences in
accordance with that derived from the GR and complex-octonion curved composite-
space. Apparently the research methods of the complex-sedenion curved space in
the above can be extended into that of the curved composite-space described with
the complex-sedenions.
6.1. Composite radius vector
In the complex-sedenion flat space, the radius vector and the integrating function
of field potential can be combined together to become the composite radius vector.
The latter should be considered as a whole to take into account in the following
context, enabling the energy expression to include the ‘electromagnetic potential
energy’ and ‘gravitational potential energy’ and so forth. Further the composite
radius vector, U, can be regarded as the radius vector in one function space, which
is called as the composite-space, KU , temporarily.
In the flat composite-space, KU , described with the complex-sedenions, it is ap-
propriate to choose an orthogonal and equal-length tangent-frame as the coordinate
system (Table 4). In the coordinate system, from Eqs.(1) and (12), the composite
radius vector can be written as,
U(Hα) = iH0i0 +H
qi q + iH
4i4 +H
4+qi4+q
+ iH8i8 +H
8+qi8+q + iH
12i12 +H
12+qi12+q , (58)
where Hα being the coordinate value, with Hα = hα + krxx
α .
In the curved composite-space, KU , described with the complex-sedenions, it is
able to choose an orthogonal and unequal-length tangent-frame as the coordinate
system. In the coordinate system of the tangent space, from Eqs.(2) and (13),
the composite radius vector, U , can be expanded in terms of the tangent-frame
component Eα ,
U(Cα) = iC0E0 + C
qE q + iC
4E4 + C
4+qE4+q
+ iC8E8 + C
8+qE8+q + iC
12E 12 + C
12+qE12+q , (59)
where the coordinate values, Cα and yα , both are real. Cα = cα + krxy
α . Eα is
unequal-length, and Eα corresponds to iα .
Further, the above can be rewritten as,
U(Uα) = UαEα , (60)
where U0 = iC0 , U q = Cq . U4 = iC4 , U q+4 = Cq+4 . U8 = iC8 , U q+8 = Cq+8 .
U12 = iC12 , U q+12 = Cq+12 . Eα = ∂U/∂U
α . (E0)
2 > 0, and (E ξ)
2 < 0.
From the viewpoint of function space, the composite-space, KU , is one type of
function space. The function space may possess multiple physical quantities, and
each coordinate value may be a function. In other words, the coordinate value Uα
of composite-space is one function, while the coordinate value Uα consists of the
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spatial parameter cα and physical quantity yα . When the composite-space KU is
distorted, it is found that there may be some other formula between the spatial
parameter and physical quantity.
6.2. Curved composite-space
In the complex-sedenion curved composite-space, KU , the partial derivative of
composite radius vector with respect to the coordinate value is utilized for the
component of tangent-frame in the tangent space. Obviously, this is a new type of
curved space, on the basis of the composite radius vector U . And the underlying
space and tangent space both are the complex-sedenion composite-spaces. Making
use of the property of complex-sedenion composite radius vector, it is capable of
deducing some arguments in the curved composite-space, including the metric co-
efficient, connection coefficient, covariant derivative, and curvature tensor and so
forth. After decomposing the curvature tensor, it is found some relations between
the spatial parameter and physical quantity, in the complex-sedenion curved space
K .
In the complex-sedenion curved composite-spaceKU , the partial derivative,Eα,
of composite radius vector with respect to the coordinate value, Uα , is chosen as the
component of tangent-frame in the tangent space. These orthogonal and unequal-
length components of tangent-frame constitute one coordinate system. Making use
of the tangent-frame component and the norm of composite radius vector, it is able
to define the metric of complex-sedenion curved composite-space KU as follows,
dS2(R,X) = gαβ(R,X)dU
αdUβ , (61)
where the metric coefficient, gαβ(R,X) = E
∗
α ◦ Eβ , is sedenion-Hermitian. Eα is
the component of tangent-frame, with Eα = ∂U/∂U
α . gαβ(R,X) is scalar, due to
the orthogonal tangent-frames. (Uα)∗ = Uα , and it indicates that the correlated
tangent-frame component, Eα , is sedenion conjugate.
In the complex-sedenion curved composite-space KU , substituting the coordi-
nate value Uα , tangent-frame component Eα , and metric coefficient gαβ(R,X) for
the coordinate value uα , tangent-frame component eα , and metric coefficient gαβ
in the complex-sedenion curved space K respectively, it is capable of inferring the
connection coefficients of the curved composite-space KU . And there are,
Γλ,βγ(R,X) = (1/2)(∂gγλ(R,X)/∂U
β
+ ∂gλβ(R,X)/∂U
γ − ∂gγβ(R,X)/∂U
λ) , (62)
Γλ,βγ(R,X) = (1/2)(∂gγλ(R,X)/∂U
β
+ ∂gλβ(R,X)/∂U
γ − ∂gγβ(R,X)/∂Uλ) , (63)
where Γλ,βγ(R,X) and Γλ,βγ(R,X) are connection coefficients, and both of them are all
scalar. Γλ,βγ(R,X) = gλα(R,X)Γ
α
βγ(R,X). Γ
α
βγ(R,X) = g
αλ
(R,X)Γλ,βγ(R,X) . Γ
α
βγ(R,X) =
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Γα
γβ(R,X). Γ
α
βγ(R,X)
= gαλ(R,X)Γλ,βγ(R,X) . Γλ,βγ(R,X) = gλα(R,X)Γ
α
βγ(R,X)
.
[(Γα
βγ(R,X)
)∗]T = Γα
γβ(R,X)
. Γα
βγ(R,X)
= Γα
γβ(R,X)
. gαλ(R,X)gλβ(R,X) = δ
α
β .
In the curved composite-space KU described with the complex-sedenions, when
the physical quantity, Y = Y βEβ , is transferred from a point M1 to the next point
M2 , to meet the requirement of parallel translation, it means that the differential
of quantity Y equals to zero. This condition of parallel translation, dY = 0, will
infer,
dY β = −Γβ
αγ(R,X)Y
αdUγ , (64)
with
∂2U/∂Uβ∂Uγ = Γαβγ(R,X)Eα . (65)
In the curved composite-space KU described with the complex-sedenions, for
the first-rank contravariant tensor Y β of a point M2 , the component of covariant
derivative with respect to the coordinate Uγ is written as,
∇γY
β = ∂(δβαY
α)/∂Uγ + Γβ
αγ(R,X)Y
α , (66)
∇γY
β = ∂(δβαY
α)/∂Uγ + Γβ
αγ(R,X)Y
α , (67)
where Y β and Γβ
αγ(R,X)Y
α both are scalar.
From the property of covariant derivative of tensor, the definition of curvature
tensor is,
∇α(∇βY
γ)−∇β(∇αY
γ) = R γ
βαν (R,X)Y
ν + T λβα(R,X)(∇λY
γ) , (68)
with
R γ
βαν (R,X) = ∂Γ
γ
νβ(R,X)/∂U
α − ∂Γγ
να(R,X)/∂U
β
+ Γγ
λα(R,X)Γ
λ
νβ(R,X) − Γ
γ
λβ(R,X)Γ
λ
να(R,X) , (69)
whereR γ
βαν (R,X) and T
λ
βα(R,X) both are scalar.R
γ
βαν (R,X) is the curvature tensor,
while T λ
βα(R,X) is the torsion tensor. T
λ
βα(R,X) = Γ
λ
αβ(R,X)−Γ
λ
βα(R,X). In the paper,
we merely discuss the case, T λ
βα(R,X) = 0, that is, Γ
λ
αβ(R,X) = Γ
λ
βα(R,X) .
In the curved composite-space, KU , described with the complex-sedenions, it is
found that the spatial parameter and physical quantity both make a contribution
to these arguments, by means of the metric coefficient, connection coefficient, and
curvature tensor and so forth. In case the coupling of spatial parameters and phys-
ical quantities of these arguments could be decoupled under some circumstances, it
may be able to seek out some direct interrelations between the spatial parameter
and physical quantity.
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6.3. Coupling term
From the preceding analysis, it is found that the radius vector and the integrat-
ing function of field potential can be linearly superposed together to become the
composite radius vector, in the complex-sedenion curved composite-space KU .
However, as the derivative of composite radius vector, the interrelation between
the spatial parameter with physical quantity in the following context will be com-
plicated enough, including certain interconnections among the metric coefficient,
connection coefficient, and curvature tensor. The coupling term (c.t. for short) be-
tween the spatial parameter and physical quantity is always extremely intricate,
and it is very tough to decouple in general. Only in some special cases, it may be
decoupled approximately. And it is able to allow us to attempt to grasp at the
relations of spatial parameter and physical quantity.
In the metric equation, Eq.(61), the contributions, coming from the spatial
parameter and physical quantity, to the metric coefficient are interrelated closely.
Each of partial derivatives, ∂R/∂Uγ and ∂X/∂Uγ , will exert an influence on the
metric coefficient. In a few comparatively simple circumstances, the metric tensor
can be separated into,
gαβ(R,X) = gαβ(R) + gαβ(X) + c.t.(gαβ ,R,X) , (70)
where the partial derivative, ∂X/∂Uα , possesses the dimension of field potential. In
case the contribution of X could be neglected, gαβ(R,X) will be reduced into gαβ(R),
which contains only the contribution of ∂R/∂Uα . Meanwhile, if the contribution
of R could be neglected, gαβ(R,X) will be degenerated into gαβ(X), which covers
merely the contribution of ∂X/∂Uα .
In the connection coefficient, Eq.(62), it is found that the contributions, coming
from the spatial parameter and physical quantity, to the connection coefficient are
mingled together. Both of partial derivatives, ∂gαβ(R)/∂U
α and ∂gαβ(X)/∂U
α ,
have the influences on the connection coefficient. In several comparatively simple
cases, the connection coefficient can be divided into,
Γγ
αβ(R,X) = Γ
γ
αβ(R) + Γ
γ
αβ(X) + c.t.(Γ
γ
αβ ,R,X) , (71)
where the partial derivative, (k −1rx )∂gαβ(X)/∂U
γ , possesses the dimension of field
strength. If the contribution of gαβ(X) could be neglected, Γ
γ
αβ(R,X) will be reduced
into Γγ
αβ(R) , which contains only the contribution of ∂gαβ(R)/∂U
γ. In case the
contribution of gαβ(R) could be neglected, Γ
γ
αβ(H,X) will be simplified into Γ
γ
αβ(X) ,
which contains only the contribution of ∂gαβ(X)/∂U
γ . The decomposition process
of the connection coefficient, Eq.(63), is similar to that of Eq.(62), under some
comparatively simple circumstances.
The analysis of the curvature tensor, Eq.(69), shows that the contributions,
coming from the spatial parameter and physical quantity, to the curvature tensor
are mixed complicatedly. Four partial derivatives, ∂Γγ
αβ(R)/∂U
ν , ∂Γγ
αβ(X)/∂U
ν,
∂Γγ
αβ(R)/∂U
ν, and ∂Γγ
αβ(X)/∂U
ν , will directly impact the curvature tensor. Under
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some comparatively simple cases, the curvature tensor can be separated into,
R γ
βαν (R,X) = R
γ
βαν (R) +R
γ
βαν (X) + c.t.(R
γ
βαν ,R,X) , (72)
where two partial derivatives, (k −1rx )∂Γ
γ
αβ(X)/∂U
ν and (k −1rx )∂Γ
γ
αβ(X)/∂U
ν, both
possess the dimension of field source. When the contributions of two terms, Γγ
αβ(X)
and Γγ
αβ(X) , could be neglected, R
γ
βαν (R,X) will be reduced into R
γ
βαν (R) , which
contains the contributions of ∂Γγ
αβ(R)/∂U
ν and ∂Γγ
αβ(R)/∂U
ν. If the contribution of
two terms, Γγ
αβ(R) and Γ
γ
αβ(R) , could be neglected, R
γ
βαν (R,X) will be reduced into
R γ
βαν (X) , which contains the contribution of ∂Γ
γ
αβ(X)/∂U
ν and ∂Γγ
αβ(X)/∂U
ν .
In the complex-sedenion curved composite-space KU , in virtue of the precise
experimental measurements, it is able to determine whether the composite-space
is distorted. Apparently, it is not reasonable to presume whether the composite-
space is distorted, before finishing some required experiment measurements. In
other words, there may be one flat composite-space under some circumstances,
that is, R γ
βαν (R,X) = 0. Even if neither of ingredients, R
γ
βαν (R) and R
γ
βαν (X),
is equal to zero, the curvature tensor R γ
βαν (R,X) is still possible to be zero. Un-
doubtedly there must be several relations between these two ingredients, R γ
βαν (R)
and R γ
βαν (X) .
When R γ
βαν (R,X) = 0 , in the complex-sedenion flat composite-space KU , it is
able to deduce a simple equation among a few ingredients of curvature tensor as
follows,
0 = R γ
βαν (R) +R
γ
βαν (X) + c.t.(R
γ
βαν ,R,X) , (73)
further, in case the coupling term, c.t.(R γβαν ,R,X) , is equal to zero, the above can
be reduced into one simpler equation,
R γ
βαν (R) = −R
γ
βαν (X) , (74)
where the left side is the contribution of spatial parameters, and the right side is
the contribution of physical quantities. The term, (k −1rx )R
γ
βαν (X) , possesses the
dimension of field source, and are much more complicated than that of field source.
The above consists with the academic thought in the GR and complex-octonion
curved composite-space, that is, the existence of field dominates the bending of
space. And the above intuitively expands this academic thought from another point
of view. Certainly the GR, complex-octonion composite-space, and the paper suc-
ceed to the Cartesian academic thought of ‘the space is the extension of substance’.
After achieving the spatial parameters, it is found that these parameters will
exert an influence on certain operators, impacting some field equations of the four
classical-fields. On the basis of composite radius vector U , some ‘physical quantities’
(such as, gαβ(X) , Γ
γ
αβ(X) , and R
γ
βαν (X) ) may make a contribution towards the
spatial parameters, including gαβ(R) , Γ
γ
αβ(R) , and R
γ
βαν (R) . There is, R+krxX ≈
R , in general, so these spatial parameters will approximate to that in Section
2. Next, these spatial parameters have the influences on some operators in the
complex-sedenion curved space K , including the divergence, gradient, and curl.
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Finally, these operators are capable of impacting directly some field equations of
the four classical-fields in the curved space K (see Section 4), even in the curved
quantum-space KZ (see Section 5). By all appearances, a majority of arguments
in the composite-space KU are different from that in the fundamental-space K ,
or quantum-space KZ . Suddenly, it is found that the study of curved space K
is so closely interrelated with the four classical-fields described with the complex-
sedenions, by means of the composite-space KU .
The research method in the curved composite-spaceKU , based on the composite
radius vector, can be extended into the curved product-space, based on the quantum
composite radius vector, U(Ψ) . In this curved product-space, some physical quanti-
ties are possible to dominate the spatial parameters of curved quantum-space, KZ ,
impacting some field equations of four quantum-fields from different standpoints.
Table 4. Contrast of some tangent-frames in the complex-sedenion flat and curved
spaces.
complex-sedenion space flat space curved space decomposition
K , fundamental-space iα eα
KU , composite-space iα Eα Eα(R) , or Eα(X)
KZ , quantum-space iα eα
KM , product-space iα Eα(Z,R,X) Eα(Z,R) , or Eα(Z,X)
7. Product space
In the complex-sedenion curved quantum-spaceKZ , it is able to describe the contri-
bution of the curved quantum-space on the four quantum-fields. But it is incapable
of establishing directly the interrelation between the physical quantity and spatial
parameter, neither researching the reason to lead to distorting the quantum-space
KZ . By contrast, in the complex-sedenion curved product-space, it is able to in-
fer the equation between the physical quantity and spatial parameter, achieving a
few inferences in accordance with that derived from the complex-octonion curved
composite-space and GR. Obviously the research methods of the complex-sedenion
curved quantum-space in the above can be extended into that of the curved product-
space described with the complex-sedenions.
7.1. Quantum composite radius vector
In the complex-sedenion flat space, the quantum composite radius vector, M =
ZU ◦ U, is the sedenion product of the composite radius vector, U , and auxiliary
quantity, ZU . This quantum composite radius vector,M or U(Ψ) , can be considered
as the radius vector of one function space, which is called as the product-space, KM ,
temporarily.
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In the complex-sedenion flat product-space, KM , it is able to choose an orthog-
onal and equal-length tangent-frame as the coordinate system. In the coordinate
system, the quantum composite radius vector can be expanded in terms of the
tangent-frame component iα ,
M(mα) = mαiα , (75)
where the scalar mα is the coordinate value in the flat product-space.
Similarly, in the complex-sedenion curved product-space, KM , it is appropriate
to choose an orthogonal and unequal-length tangent-frame as the coordinate sys-
tem. In the coordinate system of the tangent space, the quantum composite radius
vector, M , can be expanded in terms of the tangent-frame component Eα(Z,R,X) ,
M(Mα) = MαEα(Z,R,X) , (76)
where the scalarMα is the coordinate value in the curved product-space. Eα(Z,R,X)
and Mα correspond to iα and m
α respectively. Eα(Z,R,X) = ∂M/∂M
α , and
Eα(Z,R,X) is unequal-length. (E 0(Z,R,X))
2 > 0, and (E ξ(Z,R,X))
2 < 0.
From the viewpoint of function space, the product-space, KM , is one type of
function space. The function space possesses multiple arguments, and each coordi-
nate value is a function. In other words, the coordinate value Mα of product-space
is one function, and contains a few spatial parameters and physical quantities.
When the product-space is distorted, there may be some other formulae between
the spatial parameter and physical quantity.
7.2. Curved product-space
In the complex-sedenion curved product-space, KM , the partial derivative of quan-
tum composite radius vector, M, with respect to the coordinate value is chosen for
the component of tangent-frame in the tangent space. Obviously, it is a new type
of curved space, on the basis of the quantum composite radius vector M . And the
underlying space and tangent space both are the complex-sedenion product-spaces.
In virtue of the property of complex-sedenion quantum composite radius vector, it
is capable of inferring some arguments in the curved product-space, including the
metric coefficient, connection coefficient, covariant derivative, and curvature tensor
and so forth. Decomposing the curvature tensor, we can seek out some relations be-
tween the spatial parameter and physical quantity, in the complex-sedenion curved
quantum-space KZ . It means that it is able to find the contribution of some other
physical quantities on the curved quantum-space, from other points of view in the
curved product-space, KM .
In the tangent space of the complex-sedenion curved product-space KM , the
coordinate value is Mα , and the component of tangent-frame is Eα(Z,R,X). These
orthogonal and unequal-length components of tangent-frame compose one coordi-
nate system. Making use of the tangent-frame component and the norm of quantum
composite radius vector, it is able to define the metric of complex-sedenion curved
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product-space KM as follows,
dS2(Z,R,X) = gαβ(Z,R,X)dM
αdMβ , (77)
where the metric coefficient, gαβ(Z,R,X) = E
∗
α(Z,R,X) ◦ Eβ(Z,R,X) , is sedenion-
Hermitian. Eα(Z,R,X) is the component of tangent-frame, with Eβ(Z,R,X) =
∂M/∂Mβ . gαβ(Z,R,X) is scalar, due to the orthogonal tangent-frames. (M
α)∗ =
Mα, and it indicates that the correlated tangent-frame component, Eα(Z,R,X), is
sedenion conjugate.
In the complex-sedenion curved product-space KM , substituting the coordinate
value Mα , tangent-frame component Eα(Z,R,X) , and metric coefficient gαβ(Z,R,X)
for the coordinate value Uα , tangent-frame component Eα , and metric coefficient
gαβ(R,X) in the complex-sedenion curved composite space KU respectively, it is
capable of inferring the connection coefficients of the curved product-space KM .
And there are,
Γλ,βγ(Z,R,X) = (1/2)(∂gγλ(Z,R,X)/∂M
β
+ ∂gλβ(Z,R,X)/∂M
γ − ∂gγβ(Z,R,X)/∂M
λ) , (78)
Γλ,βγ(Z,R,X) = (1/2)(∂gγλ(Z,R,X)/∂M
β
+ ∂gλβ(Z,R,X)/∂M
γ − ∂gγβ(Z,R,X)/∂Mλ) , (79)
where Γλ,βγ(Z,R,X) and Γλ,βγ(Z,R,X) both are connection coefficients, and are
scalar. Γλ,βγ(Z,R,X) = gλα(Z,R,X)Γ
α
βγ(Z,R,X). Γλ,βγ(Z,R,X) = gλα(Z,R,X)Γ
α
βγ(Z,R,X)
.
Γα
βγ(Z,R,X) = g
αλ
(Z,R,X)Γλ,βγ(Z,R,X). [(Γ
α
βγ(Z,R,X)
)∗]T = Γα
γβ(Z,R,X)
. Γα
βγ(Z,R,X)
=
gαλ(Z,R,X)Γλ,βγ(Z,R,X). Γ
α
βγ(Z,R,X) = Γ
α
γβ(Z,R,X). Γ
α
βγ(Z,R,X)
= Γα
γβ(Z,R,X)
.
gαλ(Z,R,X)gλβ(Z,R,X) = δ
α
β .
In the curved product-space KM , described with the complex-sedenions, when
the physical quantity, Y = Y βEβ(Z,R,X) , is transferred from a point M1 to the
next point M2 , to meet the requirement of parallel translation, it means that
the differential of quantity Y equals to zero. This condition of parallel translation,
dY = 0, will infer,
dY β = −Γβ
αγ(Z,R,X)Y
αdMγ , (80)
with
∂2M/∂Mβ∂Mγ = Γαβγ(Z,R,X)Eα(Z,R,X) . (81)
In the curved product-space, KM , described with the complex-sedenions, for
the first-rank contravariant tensor Y β of a point M2 , the component of covariant
derivative with respect to the coordinate Mγ is written as,
∇γY
β = ∂(δβαY
α)/∂Mγ + Γβ
αγ(Z,R,X)Y
α , (82)
∇γY
β = ∂(δβαY
α)/∂Mγ + Γβ
αγ(Z,R,X)Y
α , (83)
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where Y β and Γβ
αγ(Z,R,X) both are scalar.
From the tensor property of covariant derivative, the definition of curvature
tensor is,
∇α(∇βY
γ)−∇β(∇αY
γ) = R γ
βαν (Z,R,X)Y
ν + T λβα(Z,R,X)(∇λY
γ) , (84)
with
R γ
βαν (Z,R,X) = ∂Γ
γ
νβ(Z,R,X)/∂M
α − ∂Γγ
να(Z,R,X)/∂M
β
+ Γγ
λα(Z,R,X)Γ
λ
νβ(Z,R,X) − Γ
γ
λβ(Z,R,X)Γ
λ
να(Z,R,X) , (85)
T λβα(Z,R,X) = Γ
λ
αβ(Z,R,X) − Γ
λ
βα(Z,R,X) , (86)
where R γ
βαν (Z,R,X) and T
λ
βα(Z,R,X) both are scalar. R
γ
βαν (Z,R,X) is the curvature
tensor, while T λ
βα(Z,R,X) is the torsion tensor. In the paper, we only discuss the
case, T λ
βα(Z,R,X) = 0, that is, Γ
λ
αβ(Z,R,X) = Γ
λ
βα(Z,R,X) .
Making use of the properties associated with the metric coefficient, connection
coefficient, and curvature tensor and so forth, it is found that the spatial param-
eter and physical quantity both make a contribution towards these arguments, in
the complex-sedenion curved product-space, KM . When the coupling of spatial
parameters and physical quantities of these arguments could be decoupled under
some circumstances, it may be able to find out some direct interrelations between
the spatial parameter and physical quantity. But it may be more complicated than
the situation of the curved composite-space, KU .
7.3. Decoupling
From the preceding equations, in the complex-sedenion curved product-space KM ,
it is found that the spatial parameter, ZU ◦R , and physical quantity, ZU ◦X , can be
superposed linearly also, which are similar to two arguments, R and X , respectively
in the Section 4. As the derivative of these two arguments, the interrelation between
the spatial parameter with physical quantity will be comparatively complicated in
the following context, including certain interconnections among the metric coeffi-
cient, connection coefficient, and curvature tensor. The coupling term between the
spatial parameter and physical quantity is always too intricate to decouple in gen-
eral. Only in some particular cases, it may be decoupled approximately, attempting
to grasp at the relations of spatial parameter and physical quantity.
From the metric equation, Eq.(77), it is found that the contributions of two
arguments, ZU ◦ R and ZU ◦ X , to the metric coefficient are interrelated closely.
Each of partial derivatives, ∂(ZU ◦ R)/∂M
α and ∂(ZU ◦ X)/∂M
α , will exert an
influence on the metric coefficient. In a few comparatively simple circumstances,
the metric tensor can be separated into,
gαβ(Z,R,X) = gαβ(Z,R) + gαβ(Z,X) + c.t.(gαβ,ZU ,R,X) , (87)
where the partial derivative, ∂(ZU ◦X)/∂M
α , possesses the dimension of quantum-
field potential. In case the contribution of ZU ◦X could be neglected, gαβ(Z,R,X) will
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be reduced into gαβ(Z,R) , which contains only the contribution of ∂(ZU ◦R)/∂M
α.
Meanwhile, if the contribution of ZU ◦ R could be neglected, gαβ(Z,R,X) will be
degenerated into gαβ(Z,X) , which covers merely the contribution of ∂(ZU ◦X)/∂M
α.
In the connection coefficient, Eq.(78), it is found that the contributions of two
arguments, gαβ(Z,R) and gαβ(Z,X) , to the connection coefficient are mingled to-
gether. Each of partial derivatives, ∂gαβ(Z,R)/∂M
α and ∂gαβ(Z,X)/∂M
α, has an
influence on the connection coefficient. In several comparatively simple cases, the
connection coefficient can be divided into,
Γγ
αβ(Z,R,X) = Γ
γ
αβ(Z,R) + Γ
γ
αβ(Z,X) + c.t.(Γ
γ
αβ ,ZU ,R,X) , (88)
where the partial derivative, (k −1rx )∂gαβ(Z,X)/∂M
α , possesses the dimension
of quantum-field strength. If the contribution of gαβ(Z,X) could be neglected,
Γγ
αβ(Z,R,X) will be reduced into Γ
γ
αβ(Z,R) , which contains only the contribu-
tion of ∂gαβ(Z,R)/∂M
α. In case the contribution of gαβ(Z,R) could be neglected,
Γγ
αβ(Z,R,X) will be simplified into Γ
γ
αβ(Z,X), which contains only the contribution of
∂gαβ(Z,X)/∂M
α . The decomposition process of the connection coefficient, Eq.(79),
is similar to that of Eq.(78), under some comparatively simple circumstances.
The analysis of the curvature tensor, Eq.(85), shows that the contributions,
coming from the spatial parameter and physical quantity, to the curvature tensor
are mixed complicatedly. And each of four partial derivatives, ∂Γγ
αβ(Z,R)/∂M
ν,
∂Γγ
αβ(Z,X)/∂M
ν, ∂Γγ
αβ(Z,R)/∂M
ν, and ∂Γγ
αβ(Z,X)/∂M
ν , will directly impact the
curvature tensor. Under some comparatively simple cases, the curvature tensor can
be separated into,
R γ
βαν (Z,R,X) = R
γ
βαν (Z,R) +R
γ
βαν (Z,X) + c.t.(R
γ
βαν ,ZU ,R,X) , (89)
where the partial derivatives, (k −1rx )∂Γ
γ
αβ(Z,X)/∂M
ν and (k −1rx )∂Γ
γ
αβ(Z,X)/∂M
ν,
will possess the dimension of quantum-field source. When the contributions of
two terms, Γγ
αβ(Z,X) and Γ
γ
αβ(Z,X) , could be neglected, R
γ
βαν (Z,R,X) will be re-
duced into R γ
βαν (Z,R), which contains the contributions of ∂Γ
γ
αβ(Z,R)/∂M
ν and
∂Γγ
αβ(Z,R)/∂M
ν . If the contribution of two terms, Γγ
αβ(Z,R) and Γ
γ
αβ(Z,R) , could
be neglected, R γ
βαν (Z,R,X) will be reduced into R
γ
βαν (Z,X), which contains the con-
tribution of ∂Γγ
αβ(Z,X)/∂M
ν and ∂Γγ
αβ(Z,X)/∂M
ν .
In the complex-sedenion curved product-space KM , in virtue of the precise ex-
perimental measurements, it is able to verify whether the product-space is distorted.
In other words, there may be the flat product-space under some circumstances, that
is, R γ
βαν (Z,R,X) = 0. Even if neither of ingredients, R
γ
βαν (Z,R) and R
γ
βαν (Z,X) , is
equal to zero, the curvature tensor R γ
βαν (Z,R,X) may be zero. Undoubtedly there
must be a few relations between two ingredients, R γ
βαν (Z,R) and R
γ
βαν (Z,X) .
When R γ
βαν (Z,R,X) = 0 , in the complex-sedenion flat product-space KM , it is
able to deduce a simple equation among a few ingredients of curvature tensor as
follows,
0 = R γ
βαν (Z,R) +R
γ
βαν (Z,X) + c.t.(R
γ
βαν ,ZU ,R,X) , (90)
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further, if there is, c.t.(R γβαν ,ZU ,R,X) = 0 , the above can be reduced into,
R γ
βαν (Z,R) = −R
γ
βαν (Z,X) , (91)
where the left side is the contribution of spatial parameter, ZU ◦ R , and the right
side is the contribution of physical quantity, ZU ◦X . The term, (k
−1
rx )R
γ
βαν (Z,X),
possesses the dimension of quantum-field source, and are much more complicated
than that of field source.
The above is also accordant with the Cartesian academic thought of ‘the space
is the extension of substance’. In other words, the existence of quantum-field domi-
nates the bending of space also, in the complex-sedenion curved product-space KM .
Apparently, Eq.(91) expands this academic thought from a new point of view. It
means that some other physical quantities, besides the physical quantities in the
Section 5, are still able to impact the bending degree of curved space.
In the complex-sedenion curved product-space KM , when the contributions
of some physical quantities, gαβ(Z,X), Γ
γ
αβ(Z,X) , Γ
γ
αβ(Z,X) , and R
γ
βαν (Z,X) , are
comparatively huge, they will exert an evident influence on the spatial parame-
ters, gαβ(Z,R) , Γ
γ
αβ(Z,R) , Γ
γ
αβ(Z,R) , and R
γ
βαν (Z,R) , of the curved space. Subse-
quently, the spatial parameters will make a contribution to several operators in the
curved quantum-space KZ , including the divergence, gradient, and curl. Finally
these operators are able to impact directly some field equations for the four kinds
of quantum-fields in the curved quantum-space KZ . Obviously, most of physical
quantities in the product-spaceKM are different from that in the fundamental-space
K , quantum-space KZ , or composite-space KU .
Making a comparison and analysis of the preceding studies, it is found that there
are a few discrepancies between the curved product-space KM and composite-space
KU . (a) Tangent-frame. In the curved composite-space KU , the tangent-frame
is relevant to the composite radius vector U . In the curved product-space KM ,
the tangent-frame is associated with the quantum composite radius vector M .
(b) Physical quantity. In the curved composite-space KU , the physical quantity is
associated with the integrating function, X , of field potential, impacting the spatial
parameter of the curved composite-space KU . In the curved product-space KM ,
the physical quantity is related to the component, ZU ◦ X, affecting the spatial
parameter of the curved product-space KM . (c) Spatial parameter. In the curved
composite-space KU , the spatial parameters are correlative with the radius vector
R , including the arguments, gαβ(R) , Γ
γ
αβ(R) , Γ
γ
αβ(R), and R
γ
βαν (R) . In the curved
product-space KM , the spatial parameters are relevant to the component, ZU ◦R,
including the arguments, gαβ(Z,R), Γ
γ
αβ(Z,R) , Γ
γ
αβ(Z,R) , and R
γ
βαν (Z,R) .
To be brief, in virtue of the complex-sedenion curved product-space KM , it is
able to catch sight of several relations between the spatial parameters and physical
quantities. Next the spatial parameters will make a contribution towards some
operators of the curved quantum-space KZ . Further, these operators may directly
exert an influence on several field equations for the four types of quantum-fields, in
the curved quantum-space KZ .
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Table 5. The classical-fields and quantum-fields in the complex-sedenion
space.
interaction classical/quantum field fundamental/adjoint field
gravitational classical-field fundamental classical-field
adjoint classical-field
quantum-field fundamental quantum-field
adjoint quantum-field
electromagnetic classical-field fundamental classical-field
adjoint classical-field
quantum-field fundamental quantum-field
adjoint quantum-field
W-nuclear classical-field fundamental classical-field
adjoint classical-field
quantum-field fundamental quantum-field
adjoint quantum-field
strong-nuclear classical-field fundamental classical-field
adjoint classical-field
quantum-field fundamental quantum-field
adjoint quantum-field
8. Approximations
By means of the similar deduction methods for the approximate theory in the
complex-octonion curved composite-space OU (see Ref.[41]), it is able to achieve
respectively two approximate theories in the complex-sedenion curved composite-
spaceKU and product-spaceKM . The approximate theory in the curved composite-
space KU can be applied to explore several physical phenomena, which are as-
sociated with the classical mechanics on the macroscopic scale, in the curved
fundamental-space K . Meanwhile the approximate theory in the curved product-
space KM can be utilized to study some physical phenomena, which are related with
the quantum mechanics on the microscopic scale, in the curved quantum-space KZ
(Table 5).
8.1. Composite-space
In the complex-sedenion curved composite-space KU based on the composite radius
vector, an approximate theory will be degenerated from the preceding discussions
associated with the curved composite-space KU , under certain approximate cir-
cumstances. In the classical mechanics on the macroscopic scale, some inferences of
this approximate theory correlate with that of the GR, especially in the case that
the energy-momentum tensor is equal to zero.
For the sake of achieving the approximate theory, it is necessary to meet the
requirement of two approximate conditions. (a) The bending degree of composite-
space is extremely tiny, and even it is flat, allowing us to separate relevant arguments
of curved composite-space KU into two components, spatial parameter and phys-
ical quantity. (b) The coupling term between the spatial parameter and physical
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quantity equals to zero approximately, that is, they could be decoupled.
In the curved composite-space described with the complex-sedenions, the
tangent-frame, Eα = ∂(R + krxX)/∂U
α, can be separated into two components,
that is, Eα = Eα(R) + Eα(X) . Herein the component, Eα(R) = ∂R/∂U
α , is re-
lated with the spatial parameter, while the component, Eα(X) = ∂(krxX)/∂U
α, is
associated with the physical quantity.
Therefore, the metric coefficient,
gαβ(R,X) = (Eα(R) +Eα(X))
∗ ◦ (Eβ(R) +Eβ(X)) , (92)
in Eq.(61) can be expanded in a Taylor series,
gαβ(R,X) ≈ 1 +Aαβ , (93)
where Aαβ = E
∗
α(R) ◦ Eβ(X) + E
∗
α(X) ◦ Eβ(R) . The minor term, E
∗
α(X) ◦ Eβ(X),
can be neglected. The norm of the component of tangent-frame, Eα(R), associated
with the spatial parameter is close to 1. That is, ‖ Eα(R) ‖≈ 1 , and ‖ Eβ(R) ‖≈ 1 .
E∗α(R) ◦Eβ(R) ≈ 1 . The term (Aαβ/krx) possesses the dimension of field potential,
but is not the field potential. And it is merely considered as a term to be equivalent
to the field potential. In other words, there are certain complicated interrelations
between the term (Aαβ/krx) with the field potential.
Starting from the above metric coefficient, it is able to infer the connection
coefficient, curvature tensor, and geodetic line and so forth of the curved composite-
space KU , under the approximate conditions. Further it is capable of derived
several inferences from the curved composite-space KU , which are consistent with
that in the GR, especially in some vacuum solutions when the energy-momentum
tensor is zero. However this approximate method, in the curved composite-space
KU , can merely explain a small quantity of physical phenomena. In contrast, if
we contemplate the contributions of the arguments (such as, metric coefficient,
connection coefficient, and curvature tensor) on the divergence, gradient, and curl
in the curved space K , under certain conditions, it will be able to explain plenty
of physical phenomena in the curved space K , from the field equations of four
classical-fields in the curved space K .
In the GR, the metric coefficient is written as, gjk = 1 + hjk . The term hjk is
regarded as the gravitational potential in the Newtonian mechanics. In the paper,
the minor term Aαβ is equivalent to the minor term hjk . In other words, the
viewpoint of Aαβ in the composite-space KU happens to coincide with that of
hjk in the GR, and even both of them give mutual support to each other to a
certain extent. Meanwhile, it is found that the physical quantity R γ
βαν (X) in the
paper corresponds to the energy-momentum tensor in the GR, although there are
a few discrepancies between the paper and GR. As a result, some inferences in the
complex-sedenion composite-space KU can be reduced into that in the complex-
octonion composite-space OU and the GR.
By all appearances, the approximate method in the curved composite-space,
KU , can be extended into the curved product-space, KM .
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8.2. Product-space
In the curved product-space KM based on the quantum composite radius vector, an
approximate theory will be reduced from the preceding discussions associated with
the curved product-space KM , under certain approximate circumstances. Some
inferences of this approximate theory are similar to that of GR.
In order to acquire the approximate theory of the curved product-space, it is
necessary to meet the demand of two approximate conditions. (a) The bending
degree of product-space is quite tiny, and even it is flat, separating the arguments of
curved product-space into two ingredients, spatial parameter and physical quantity.
(b) The coupling term between the spatial parameter and physical quantity is zero
approximately, that is, they can be decoupled.
In the complex-sedenion curved product-space KM , the tangent-frame,
Eα(Z,R,X) = ∂{UZ ◦ (R+ krxX)}/∂M
α , can be separated into two components,
Eα(Z,R,X) = Eα(Z,R) +Eα(Z,X) , (94)
where Eα(Z,R) = ∂(UZ ◦ R)/∂M
α , which is related with the spatial parameter.
Eα(Z,X) = ∂(krxUZ ◦ X)/∂M
α , which is associated with the physical quantity.
Consequently, the metric coefficient,
gαβ(Z,R,X) = (Eα(Z,R) +Eα(Z,X))
∗ ◦ (Eα(Z,R) +Eα(Z,X)) , (95)
in Eq.(77) can be expanded in a Taylor series,
gαβ(Z,R,X) ≈ 1 +Aαβ(Z) , (96)
where Aαβ(Z) = E
∗
α(Z,R) ◦Eβ(Z,X)+E
∗
α(Z,X) ◦Eβ(Z,R) . The minor term, E
∗
α(Z,X) ◦
Eβ(Z,X), can be neglected. The norm of the component of tangent-frame, Eα(Z,R),
associated with the spatial parameter is close to 1. That is, ‖ Eα(Z,R) ‖≈ 1 , and
‖ Eβ(Z,R) ‖≈ 1. E
∗
α(Z,R) ◦Eβ(Z,R) ≈ 1 . Obviously, Eq.(96) in the curved product-
space KM is similar to Eq.(93) in the curved composite-space KU .
According to the definition of quantum-field potential, the term (Aαβ(Z)/krx)
is seized of the dimension of quantum-field potential. However this term is not the
quantum-field potential, and is merely regarded as one term to be equivalent to the
quantum-field potential. In other words, there are several complicated interrelations
between the term (Aαβ(Z)/krx) with the quantum-field potential.
From the above metric coefficient, it is able to infer the connection coefficient,
curvature tensor, and geodetic line and so forth in the curved product-space KM ,
under the approximate conditions. Further it is capable of inferring a few conclu-
sions from the curved product-space KM , which are similar to that in the GR.
However this approximate method can merely explain a small quantity of physi-
cal phenomena in the curved product-space KM . In contrast to the above, if we
consider the influences of the arguments (such as, metric coefficient, connection co-
efficient, and curvature tensor) on the divergence, gradient, and curl in the curved
quantum-space KZ , under the approximate conditions, it is capable of explaining
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plenty of physical phenomena in the curved space KZ , from some field equations
of four quantum-fields in the curved space KZ .
It is similar to the case of the complex-sedenion curved space K , the
complex-sedenion curved quantum-space KZ can be degenerated into the complex-
quaternion curved quantum-space, and even the four space-time. In the curved
quantum-space KZ , the metric coefficient can be reduced into, gjk(Z,R,X) =
1 + hjk(Z) . And the term hjk(Z) is regarded as the quantum-field potential in
the complex-quaternion quantum-space. This inference is similar to that derived
from the GR, under the approximate circumstances. In other words, the viewpoint
of Aαβ(Z) in the quantum-space KZ coincides with that of hjk in the GR. And the
curved quantum-space KZ inherits and extends the Cartesian academic thought of
‘the space is the extension of substance’ apparently.
9. Conclusions
One complex-quaternion space may describe a type of field, especially the field equa-
tions of fundamental interaction. Generally, four perpendicular complex-quaternion
spaces can combine together to become one complex-sedenion space, exploring the
physical properties of four fundamental interactions. On the one hand, in the paper,
the four fields comprise the gravitational field, electromagnetic field, and strong-
nuclear field, except for the weak-nuclear field. The complex-sedenion electromag-
netic field can be degenerated into the electroweak field, while the weak-nuclear
field can be regarded as the adjoint-field of the complex-sedenion electromagnetic
field. So the weak-nuclear field cannot be considered as an independent field any
more. On the other hand, according to the multiplicative closure of sedenions, there
must be four types of fields in the complex-sedenion space simultaneously. That is,
the complex-sedenion four fields consist of the gravitational field, electromagnetic
field, strong-nuclear field, and a new unknown field (or W-nuclear field).
One approximate theory can be reduced from the above curved composite-space
KU , in certain approximate circumstances. In the curved composite-spaceKU , some
inferences, derived from the approximate theory, correlate with that from GR. Ap-
parently, the curved composite-space KU and GR both inherit the Cartesian aca-
demic thought of ‘the space is the extension of substance’. Next, in the curved
composite-space KU , it is able to establish some interrelations between the spatial
parameter and physical quantity. Some physical quantities make a contribution to
the spatial parameter of curved space. The spatial parameter has an influence on
a few operators (such as, divergence, gradient, and curl) in the curved space K ,
impacting the field equations of four classical-fields. Further, in the curved space
K , it is able to deduce the physical quantities for the four classical-fields, which
are associated with the classical mechanics on the macroscopic scale, including the
complex-sedenion field potential, field strength, field source, linear momentum, an-
gular momentum, torque, and force and so forth.
In virtue of the auxiliary quantity, from the complex-sedenion fundamental-
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space K , it is able to deduce the complex-sedenion quantum-space KZ and product-
space KM , achieving another approximate theory. Firstly, under certain circum-
stances, one approximate theory can be reduced from the complex-sedenion curved
product-space KM . In the curved product-space KM , some inferences of the ap-
proximate theory are similar to that of GR. Apparently, this conclusion expands the
Cartesian academic thought of ‘the space is the extension of substance’. Secondly,
in the curved product-space KM , it is able to establish some relations among the
spatial parameters and physical quantities. Some physical quantities make a con-
tribution to the spatial parameter of the curved quantum-space KZ . The spatial
parameter exerts an influence on several operators (such as, divergence, gradient,
and curl) in the curved space KZ , impacting the field equations of four quantum-
fields. Thirdly, in the curved space KZ , making use of the complex-sedenion expo-
nential form and wavefunction, it is capable of deducing the physical quantities for
the four quantum-fields, which are associated with the quantum mechanics on the
microscopic scale, including the Dirac wave equation and Yang-Mills equation.
It should be noted that the paper discussed merely some simple cases about not
only the relations among spatial parameters and physical quantities, but also the
influences of the curved spaces on the physical quantities of four fundamental in-
teractions, in the complex-sedenion curved composite-space KU and product-space
KM . However it clearly states that the physical quantities dominate the spatial
parameters of the curved composite-space KU or product-space KM . Later, these
spatial parameters make a contribution towards the divergence, gradient, and curl
and others, exerting an influence on the field equations in the curved fundamental-
space K or quantum-space KZ . Under certain circumstances, the paper can deduce
several inferences in accordance with that derived from the GR. In the following
study, it is going to apply the complex-sedenion curved composite-space, KU , to
explore the influence of the physical quantities of four classical-fields, in the clas-
sical mechanics, on the equilibrium equations and so forth. And we plan to utilize
the complex-sedenion curved product-space, KM , to research the influence of the
physical quantities of four quantum-fields, in the quantum mechanics, on the topo-
logical structures and so on. And it may intend to analyze the discrepancies among
some tangent-spaces of different complex-sedenion curved spaces, and their influ-
ences on some operators and field equations associated with the four fundamental
interactions.
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Appendix A. Curvature tensor
By means of the similar methods in the complex-octonion curved space, it is able
to deduce the metric coefficient, connection coefficient, and curvature tensor and so
forth, in the complex-sedenion curved space K . In the curved space described with
the complex-sedenions, there is a relation between the metric coefficient and con-
nection coefficient. The definition of metric coefficient must meet the requirement
of this relation, inferring the connection coefficient and curvature tensor from the
metric coefficient.
From the condition of parallel translation, dY = 0 , there is,
(dY β)eβ + Y
β(deβ) = 0 , (A.1)
with
∂2R/∂uβ∂uγ = Γαβγeα , (A.2)
where eα = ∂R/∂u
α . deβ = {∂
2R/(∂uβ∂uγ)}duγ . Γαβγ is the connection coeffi-
cient. α, β, γ, λ, ν = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 . The paper continues
to use the contraction of tensor.
From the above and, d(Y βYβ) = 0, it is able to obtain,
dY β = −ΓβαγY
αduγ , (A.3)
dYβ = Γ
α
βγYαdu
γ . (A.4)
Multiplying the component e∗λ from the left of Eq.(A.2) produces,
(∂R∗/∂uλ) ◦ (∂2R/∂uβ∂uγ) = gλαΓ
α
βγ , (A.5)
while multiplying the component eλ from the right of the conjugate of Eq.(A.2)
yields,
(∂2R∗/∂uβ∂uγ) ◦ (∂R/∂uλ) = Γαβγgαλ , (A.6)
where ∂2R∗/∂uβ∂uγ = Γαβγe
∗
α . Γ
α
βγ is a connection coefficient. e
∗
α = ∂R
∗/∂uα.
In the orthogonal and unequal-length tangent-frame, from the last two equa-
tions, it is found that the partial derivative of the metric tensor, gλγ = e
∗
λ ◦ eγ ,
with respect to the coordinate value, uβ , is able to generate,
gλαΓ
α
βγ + Γ
α
βλgαγ = ∂gλγ/∂u
β , (A.7)
similarly there are,
gβαΓ
α
γλ + Γ
α
γβgαλ = ∂gβλ/∂u
γ , (A.8)
gγαΓ
α
λβ + Γ
α
λγgαβ = ∂gγβ/∂u
λ , (A.9)
further, from the last three equations, there is,
Γλ,βγ = (1/2)(∂gγλ/∂u
β + ∂gλβ/∂u
γ − ∂gγβ/∂u
λ) , (A.10)
where [(gλαΓ
α
βγ)
∗]T = Γαγβgαλ , and [(Γ
α
γβgαλ)
∗]T = gλαΓ
α
βγ .
December 12, 2018 19:13 WSPC/INSTRUCTION FILE
Complex-sedenion˙curved-spaces-IJGMMP-v14
42 Zi-Hua Weng
On the other hand, from the condition of parallel translation, dY = 0 , there is,
∂2R/∂uβ∂uγ = Γα
βγ
eα , (A.11)
similarly, there are,
(∂R∗/∂uλ) ◦ (∂2R/∂uβ∂uγ) = gλαΓ
α
βγ
, (A.12)
(∂2R∗/∂uβ∂uγ) ◦ (∂R/∂uλ) = Γα
βγ
gαλ , (A.13)
where ∂2R∗/∂uβ∂uγ = Γα
βγ
e∗α . Γ
α
βγ
and Γα
βγ
are coefficients.
From the last two equations, it is found that the partial derivative of the metric
tensor, gλγ = e
∗
λ ◦eγ , with respect to the coordinate value, u
β , is able to produce,
gλαΓ
α
βγ
+ Γα
βλ
gαγ = ∂gλγ/∂u
β , (A.14)
similarly, there are,
gβαΓ
α
γλ + Γ
α
γβgαλ = ∂gβλ/∂u
γ , (A.15)
gγαΓ
α
λβ
+ Γα
λγ
gαβ = ∂gγβ/∂uλ , (A.16)
further, from the last three equations, there is,
Γλ,βγ = (1/2)(∂gγλ/∂u
β + ∂gλβ/∂u
γ − ∂gγβ/∂uλ) , (A.17)
where [(gλαΓ
α
βγ
)∗]T = Γαγβgαλ , and [(Γ
α
γβgαλ)
∗]T = gλαΓ
α
βγ
.
From the above, it is capable of inferring the curvature tensor and torsion tensor.
In the curved space described with the complex-sedenions, for a tensor Y γ with
contravariant rank 1, the covariant derivatives are,
∇βY
γ = ∂Y γ/∂uβ + ΓγλβY
λ , ∇αY
γ = ∂Y γ/∂uα + ΓγλαY
λ , (A.18)
meanwhile, for a mixed tensor, Zγν , with contravariant rank 1 and covariant rank
1, the covariant derivative can be written as,
∇βZ
γ
ν = ∂Z
γ
ν /∂u
β − ΓλβνZ
γ
λ + Γ
γ
βλZ
λ
ν , (A.19)
∇αZ
γ
ν = ∂Z
γ
ν /∂u
α − ΓλανZ
γ
λ + Γ
γ
αλZ
λ
ν , (A.20)
where Y γ and Zγν both are scalar.
Apparently, the above equations deduce,
∇α(∇βY
γ)−∇β(∇αY
γ) = R γβαν Y
ν + T λβα(∇λY
γ) , (A.21)
and
R γβαν = ∂Γ
γ
νβ/∂u
α − ∂Γγνα/∂u
β + ΓγλαΓ
λ
νβ − Γ
γ
λβΓ
λ
να , (A.22)
T λβα = Γ
λ
αβ − Γ
λ
βα , (A.23)
where T λβα is the torsion tensor, and R
γ
βαν is the curvature tensor. In the paper,
there is, T λβα = 0 .
The discovery process of complex-sedenion spaces may be similar to that of elec-
tromagnetic spectrum. In the electromagnetic spectrum, the visible light spectrum
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was first found, while the discovery of the invisible light spectrum was much later.
Until H. R. Hertz discovered the electromagnetic waves, it began to recognize the
existence of the invisible light spectrum. Similarly, in the complex-sedenion spaces,
the scholars recognize the influence of complex-quaternion space Hg for the gravi-
tational field nowadays. And they will find the impact of other complex-quaternion
spaces, He , Hw , and Hs , for other fields someday.
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